Graph model overview, events scales structure and chains of events by Pugliese, D.
Graph model overview, events scales structure and chains of
events.
D. Pugliese
Research Centre of Theoretical Physics and Astrophysics, Institute of Physics, Silesian University in Opava, Bezrucˇovo na´meˇst´ı
13, CZ-74601 Opava, Czech Republic
Received: date / Revised version: date
Abstract. We present a graph model for a background independent, relational approach to spacetime emer-
gence. The general idea and the graph main features, detailed in [1], are discussed. This is a combinatorial
(dynamical) metric graph, colored on vertexes, endowed with a classical distribution of colors probability
on the graph vertexes. The graph coloring determines the graph structure in clusters of graph vertices
(events) that can be monochromatic (homogeneous loops) or polychromatic (inhomogeneous loops). The
probability is conserved after the graph conformal expansion from an initial seed graph state to higher
(conformally expanded) graph states. The emerging structure has self-similar characteristics on different
scales (states). From the coloring, different levels of vertices and thus graph levels arise as new aggregates
of colored vertices. In this second (derived) graphs level, the derived graph vertices correspond to the
polychromatic edges (with differently colored vertices) of the initial graph. Vertex aggregates are related,
as some levels (graph states) to plexors and twistors (involving Clifford statistics). Two metric levels are
defined on the colored graph, the first level is a natural metric defined on the graph, the second level
emerges from the first and related, due to symmetries. Metric structure reflects the graph colored structure
under conformal transformations evolving with its states under conformal expansion. In some special cases
vertices/events chains could be related to strings generalizations.
1 Introduction
We introduce a (decomposition) graph for a background
independent model of relational emergent spacetime in
the frame of (dynamical) quantum graph, here we sum-
marize some ideas underling the model and we sketch
the graph (lattice) main features, a more extensive dis-
cussion is in [1]. Eventually, with an adaptation of the
metric structures (metric graph) to a dynamical quan-
tum graph one goal is to address in a combination of
top-down and down-top strategy the frame of spacetime
emergence. The graph closes the decompositions of the
spacetime texture in graph vertexes (events) and edges,
the spacetime topological, causal and metric structure nat-
urally change in the graph frame. The replacement of the
spacetime (differential) manifold with a graph grounds the
search for a common language for different scales, for (as-
sumed) different events scales. Space-time can be assumed
to emerge at certain scales of the model, connected to
graph conformal transformations in higher graph states
(conformal expansion). This brief note, discussing the de-
composition graph main properties and it can be consid-
ered as a model overview and a graph proposal. The space-
time emergence problem is translated into events scale
emergence and structures of a ”crystalized” graph. The
(combinatorial) graph (close to a Cayley graph) is colored
and characterized by a classic definition of color proba-
bilities (frequencies) distribution. A relevant aspect of the
analysis consists in the construction of vertexes and clus-
ters of vertexes with inner colored structure (monochromatic-
homogenous loops `, or polychromatic-inhomogeneous in
colors- loops) that can be studied as emerging from the
conformal transformation of the colored graph, described
through the concept of event algebrasA and created through
evolutive operators (introducing a vertex order relation)
and shift operators (for color shift), related to graph edges,
and acting on vertexes. Lower graph states (scales) admit
fluctuations in their structure, understood, in a first ap-
proximation, as variation of algebra distribution in the ad-
jacent chain vertexes (in the sense of the order relation in
the chain) for color and for graph state and paths (chain).
Therefore algebra inhomogeneity (related to a definition of
graph radius and inertia) leads to inhomogeneous in alge-
bra chain with valence two vertexes (algebraic valence (±1,
0)). We could compare this approach with theories with
graphs as an underlying language: the (causal) loop quan-
tum gravity (LQG), spin network and causal set theories.
This model also shares some aspects with the analysis in
combinatorial spacetime, stochastic metric and quantum
computation spacetime and more generally with it-from
(qu)bit ideas–[12,13,14,15,16,17]. Chains of events have
an event strings-formulation as collateral: chains might be
translated as strings generalization. Our analysis may be
also read into quantum graphity framework (QGF) as a
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graph dynamical model [2,3,4,5]. Quantum graphity may
be defined as a model of emergent geometry (locality) in
the context of quantum gravity theory, based on a back-
ground independent formulation of condensed matter sys-
tems on graphs that can be coupled to a heat bath with
temperature. In this frame a quantum model is attached as
an Hilbert space to some graph elements, for example the
dynamical graph vertices and therefore defining system
states which are ultimately given by bosonic (of fermionic)
vertex degrees of freedom. An hamiltonian is constructed
for the system. The decomposition set, in QGF as in our
approach, constitutes a pre-geometric (quantum) system
from which one can extract effective excitations and from
them geometry with matter, µmatter, emerge. In our ap-
proach matter would emerge from the graph coloring de-
termining the graph ”dynamics” and structure. There are
however different versions of the QGFs. Generally the ap-
proach followed in QGF is the graph dynamic one. In this
work however we aim to combine a dynamical and metric
graph. The dynamical setup is pursued on the elements
associated with parts of the graph which, according to the
realization of the theory, are the graph edges (lines) or
loops. We start from a vertex approach, the coloring is on
the vertices, in this way it is immediate to define loops as
clusters of vertices characterized by their coloring. Other
levels of events/vertices are associated with connections
between differently colored vertices of a new different as-
sociated graph of higher level, ðevents (”partial”-events),
thus a derived graph (composed by these elements) and a
derived metric structure follow. The metric reflects this in-
ternal graph clustering providing, in first approximation,
a loop measure. In QGF, in general, matter would emerge
only after the phase transition from the (net) condensation
of the graph as emergent symmetry in the phase transition
to the ordered phase graph. At this point we can say that
the graph lives in two different regimes: a (final) low en-
ergy and the (initial, cosmological) high energy regime. At
the high temperature, there is a disordered phase where
notions of geometry, dimension and topology drastically
changes. In this phase physics seems compelled to be de-
scribed in quantum mechanical terms while (a phase) tran-
sition occurs and the low temperature phase, where the
system is ordered and a background and fields emerge,
living on a low dimensional spacetime (low temperature
and large volume) manifold with a metric, implying the
geometry of general relativity (gravity geometrizations).
Therefore in QGF the high energy regime features a not
local theory where the graph is completely connected and
invariant under the full symmetric group acting on the
vertices, graph symmetries are associated to the symme-
tries of permutation. In the second phase of QGF, a graph
ground state is defined, the system turns by this cooling
process ordered, local and, low-dimensional. This dynam-
ics breaks the permutation symmetry into translations and
rotations. In this scenario a U(1) gauge theory can emerge
in the ground state by a mechanism of string-net con-
densation as Levin-Wen mechanism [6]. Maintaining the
discretization, the transition should clearly leave a latex
with a translation group. Emergence of geometry by such
a phase transition is indicated as geometrygenesis. We re-
tain in our investigation this aspect developing a combina-
torial colored graph approach although we do not foresee
a development in graph structure evolution eras with a
cosmological geometro-genesis phase.
More specifically on regards on the graph construc-
tion, which is one main focus on this article, we note that
in LQG, (space) geometry is on graphs, with lines ”col-
ored” with a half-integral number associated to SU(2) rep-
resentations. Thus, a spin network represents the quantum
state of space at a certain point in time, more precisely
the states of the spin network basis are the eigenvectors of
operators area (quanta on the links) and volume (quanta
on the intersections) and are a basis for the (kinemat-
ical) LQG states. Introduced by Penrose as a combina-
torial foundation for Euclidean 3-space spin network was
conceived mainly as a trivalent graphs with spins assigned
edges, with vertices labelled by intertwining operators[9,
10,11]. LQG has been formulated canonically in the frozen
time formalism where a state space is the direct sum of
Hilbert spaces associated to the graphs. The configuration
variable turned to be then an SU(2)-connection (where
LQG path integral can be realized as a sequence of spin-
network states (3-geometries) as transition terms of spin
foam models). On the other hand, these analysis, featur-
ing a combinatorial model, consider cluster of colored ver-
tices, and it is clear that a Clifford algebra will derive, this
should guarantee a spinorial representation also after con-
formal transformations and algebraic re-parametrization
(as algebra homogenization i.e. a graph and metric chains
parametrization in different events bases adapted to the
coloring, it is then important to consider transformations
between graphs states with different bases.). We here ques-
tion more generally the graph model underlying the spin
structure selection (emergence), addressing this problem
from general considerations on vertex structure and the
graph main properties; there is no (a-priori) imposition of
a specific emerging spinoral structure (a specific Clifford or
Grassmann algebra), arguing a ”best-fit” description from
general considerations described through the graph lan-
guage. A ”spinorial” structure would emerge from the dy-
namics of colored graph elements and graph scales related
to the graph conformal transformations and associated
to a first level (boson) structure, as a ”super-symmetric”
model where however the associated elements are not sim-
ply conserved for state and graph realization (chain) tran-
sitions.
Vertexes and clusters could be considered as (geome-
try) fundamental elements, like in several other approaches,
where the fundamental spacetime building blocks are con-
sidered as qubit: in these modes space would be a col-
lection of qubits, where the empty space (therefore the
vacuum) would correspond to a ground state of qubits,
and elementary particles as collective excitations above
the ground states. One crucial aspect of these approaches
consists in the determination of quibit (and multibit) or-
ganizations and, eventually, interaction (and dimension-
ality of associated Hilbert space). That is a qubit might
be a superposed quantum state of vertices or clusters in
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the graph, multi-(qu)bit states can be constructed con-
sidering aspects of the combinatorial graphs and these
should be built by graph generations associated with an
initial seed graph and emerging after conformal graph ex-
pansion where concept of loops, algebra and inertia on
the graph and events scale structure are introduced. The
role of the graph conformal expansion is relevant as re-
lated to the large scales and eventually has a role in the
bit- to-qubit transition in this model. We implemented
in [1] a simple logic signal representation, using mainly
a 2-level logic signal representation (bichromatic graph)
with a set of ðevents of a ”reference” (i.e. an ”inner” pa-
rameter) chain. This analysis however has been applied
including more basis (coloring), introducing the concept
of complementary-chains, immediate in the signals repre-
sentation relating the signal frequency to the vertex al-
gebra in a first approximation of a bundle chain (a path
graph state formulations featuring all possible histories
at fixed graph state). The special case of an equiprobable
graph i.e. with equiprobable colors distribution, and where
there is a maximum in the colors probability distribution
are investigated, these aspects regulate the graph vertex
loops and their algebra variation after conformal trans-
formation, the presence of a maximum decomposition in
events of a vertex sequence, and the ðevents emergence.
Using such representations, events-aggregates, according
to the permutations, obey Clifford statistics (vectors as
plexors-for permutation-and spinors-for rotation-in some
way as plexors of aggregates)1 [1]. Emergent symmetries
are explored, using correspondent “lightcone coordinates”,
and metric transformations are investigated within cer-
tain approximations. The (1+1) dimensions (coloring) case
is particularly considered. A doubled metric structure is
adapted to this model. The first metric level, σ(·, ·), is
adapted to the edges of the graph acting on its vertexes
and functions of the loops number on vertex (cluster of ho-
mogeneous in color vertices attached to one event). This
is an on-vertex approach, edges are ”flat” and not-colored.
The second metric structure, g(·, ·), is a composition of
the firsts and can be derived from this. We detail the
transformations and symmetries of the colored graph as-
sumed as reference, (related to ”world sheet” inner coordi-
nates) binding the g(·, ·) to σ(·, ·) metric. There are several
graphs representations of graph states and states evolu-
tion. Mainly we will use a graph with maximum valence 2
per vertex, which are called chains C (if the events compo-
nent are related by an ”evolutive” operator D establishing
1 Clifford algebra can be realized by gamma matrices satisfy-
ing a set of canonical anti-commutation relations, the spinors
are the column vectors on which these matrices act. It might be
convenient to decompose into a pair of so-called ”half-spin” or
Weyl representations if the dimension is even. (Note the Weyl
group is the symmetric group S n, which is represented by signed
permutation matrices). We note that the Schur-Weyl duality
(the theorem relating irreducible finite-dimensional representa-
tions of the general linear group and the symmetric group) con-
nects the irreducible representations of the symmetric group to
irreducible algebraic representations of the general linear group
of a complex vector space.
an order relation between the events) or sequences S (if
components are related by shift operator D∗ exchanging
colors on the vertices but without order relation among
vertices- graph with not connected homogeneous in col-
ors loops). At fixed graph state Gm, each sequence S has
a chain C degeneration, each sequence corresponds to a
set of chains, we detail in[1]. The graph state is consti-
tuted by its sequences (and chains), and the set of these
is called the graph sequence (chains) decomposition (or
structure). In [1] we study this inner structure, and the
decompositions under conformal transformation; the dou-
bled graph metric structure is adapted to the graph de-
generacy in chains and sequences. We give the chain (and
sequence) degeneration of the graph, the definition of as-
sociated entropy of the graph state Gm with this structure
and the transformation laws under conformal graph ex-
pansion. In this set, it is clear the self-similar structure
of the graph. Metrics reflect this structure. The trans-
formations (in fact at fixed graph state Gm this is re-
duced to action of permutation matrices and for different
states to generalized permutation which can be matched
with typical graph matrices) act on events/vertexes for the
first metric level σ(·, ·), and on edges for the second met-
ric g(·, ·). To highlight symmetries and clarify the graph
seeds replicas embedded in superior states (conformally
expanded graph), we have decomposed the graph in chains
with maximum valence 2 for vertex. However, we can su-
perimpose these degenerations on the seed graph (through
an edges approach) and consider a complete graph (where
we can define a quantum graph). Then the relation of
our graph model with the standard simplex appear to be
not immediate, because of the vertex valence 2 and the
conformal transformation which in fact reshuffles any or-
dered relations among different (ordered) clusters of ver-
tices in one graph (chains of events)2. The metric graph
should describe events (vertices) “bubbling up” after con-
formal transformation, where geometro-genesis will be as
an asymptotic re-stitching of the previously dismantled
spacetime structure, producing a metric dynamical struc-
ture with the reductions of the symmetries between first
and second metric levels. (As pointed out in QGF the in-
variance under permutations of all the vertices would be
2 In a vertex approach, where the graph is isotropic (edges
are equal in measure and colors/flat) but not necessarily ho-
mogeneous in algebra, it would be natural to consider the
n-vertices graph as a standard (or unit) (n-1) dimensional -
simplex (or n − 1-simplex), defined as a Rn subset. Therefore
a seed graph minimal sequence can be seen as a n–standard
simplex having loops of order (algebra) L on a vertex. In
general we remind that volume under the n-simplex (i.e.n+1
vertices graph) (i.e. between the origin and the simplex in
Rn+1) is VS = 1/(n + 1)!, with (n + 1) vertices (and n+1 cells),
the simplex has n(n + 1)/2 1–faces (polytope edges), faces
number n(n2 − 1)/6, with simplex hypervolume nL.
√
n+1
n!
√
2n
and
edge length L (Cayley–Menger determinant). The dihedral
angle is arccos(1/n), and the angle that the simplex center
forms with its two vertices is arccos(−1/n), graph spectrum is
n1(−1)n, and number of cells is n+ 1, with an hypersurface area√
n21−n(n + 1) n−1L /(n − 1)!–Figs (1).
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lost to the translation group in scale prospective.) There
is an emerging events relational structure, and associated
events and graph definition, arising from the polychro-
matic loops and from the conformal graph expansion. The
conformal expansion preserves the graph seed structure
(”graph-information”), creating isomorphic parts of the ex-
panded graph, and new events depending on probability
distribution. Thus the idea of an overlap of metric and
dynamical graph model is combined with the existence of
two metric levels and an emerging metric structure high-
lighted by events emergence from the graph inhomogene-
ity. The selection of the metric level depends on scales
and conserved quantities under some specific transforma-
tions. Further relevant aspects of this model is the graph
coloring and probability role, the graph conformal trans-
formation (expansion), the introduction of vertex algebra
in the metric and graph transformations and the emerg-
ing graph self-similarity, clear in the graph sequences and
chains and graph conformal expansion. More specifically,
the events are macroevents (homogeneous in colors ”loops”
which serve as graph re-parametrization with a color adapted
inner base) and as derived events (from the inhomogene-
ity). These notions lead also to investigate the graph en-
tropy role, concept of graph immersion and interaction,
briefly discussed here in the metric approach. Concern-
ing the general idea framing the model and in relation to
graph expansion, self-similarity after conformal transfor-
mation and transmitted information (graph structure), we
could use the figurative image of a “spacetime-DNA” for
the original seed graph, which propagates (through con-
formal expansion with constant classical colors probability
distribution) to higher graph states, providing the overlap
of new states of the graph and its multiple isomorphic
parts. In this “events-DNA” analogy, we could more gen-
erally thinking possible to write a geometric code encoding
a procedure to extract, duplicate and, eventually, modify
such genetic code of our spacetime, providing a charac-
terization of the spacetime cells and organism3 (dealing
somehow with spacetime knowledge as a spacetime en-
gineering). Graph seed would have the role to contain
such “genetic information” of the spacetime which repli-
cates, propagates and it is preserved and, eventually, may
be manipulated. This would be a spacetime code whose
information propagates interacting eventually with other
geometric organisms where here the idea of duplication is
rendered in the conformal expansion.
In this work we introduce for the first time a graph
for a new spacetime emergent model based on the con-
struction of states for the systems as modeled by a graph
3 Spacetime (or geometric) organism (also in the graph pre-
geometric phase) as an organized system, characterized by spe-
cific relations, made up by a set of interdependent connected
parts in functional relations, preserving and, eventually rein-
tegrating and reproducing its own form (substantialism). Al-
though this work does not enter into the specifics of the mech-
anisms called into action by the Quantum Darwinism, the gen-
eral view of this model overlaps in some language proximity; in
this respect a similar analysis would be seen as a ”Mendellian”
investigations, precursors of modern genetics.
Comparing the model with the similar structures present
in literature we proceed with the construction on main
characteristics of the model discussing possible applica-
tions introducing the concept of ”spacetime engineering”.
We show that the doubled metric structure reflects the
graph colored structure under conformal expansions and
in some special cases chains could be related to strings gen-
eralizations. As first attempt to present and describe the
graph model, the article focuses on the introduction of a
number of new definitions, therefore the formalism in this
article is developed in great details and it is extensively
explained in a consistent first part of this manuscript.
In this article we introduce the general idea underlin-
ing the model and we sketch the graph, whereas further
details and developments will be addressed in[1]. We use
a combinatorial graph considered through its polychro-
matic clusterings, the realizations, the conformal trans-
formation and the different events levels, reflected then
in a doubled graph metric structure. The graph is met-
ric as we define a doubled metric structure adapted to
the polychromaticity of the graph elements, i.e. its ver-
tex and edges. In a dynamic model the graph would be
described by the graph constituents dynamics, vertices
and edges, intended as graph ”particles”, as ðevents4. This
article is structured in three parts: In the first part we
introduce some operators and notation, we discuss the
conceptual bases of the graph introduction. Second part
builds the model introducing the graph realizations, the
entropy notion and the analysis of the effects of the con-
formal transformation. Third part introduces the graph
metric structures. In details: in Sec. (1.1) we start dis-
cussing the graph model providing the list of the main
graph features, and introducing events as graph vertices.
We give a definition of sums and products of events, evo-
lution, D, and shift, D∗, operators defining graph events
chains and sequences respectively. These definitions lead
to develop the concept of macroevents and algebra Aa of
events and operators algebra Aaˆ: events compositions and
decompositions follow as example of graph structure and
clusterization. We discuss the assumption of minimum al-
gebras and homogenization in algebra of sequences and
chains, and particularly graph conformal transformations
and graph loops. Sequences and chains of colored graphs
4 In the relationalism of the graph frame the actual knowl-
edge of a physical object is based of (two) objects (contact)
interaction. We exploit this frame by considering events and
ðevents definitions grounded upon the graph poly-chromaticity.
Entropy has been associated in Sec. (1.1.2) to ðevents emer-
gence as expression of graph chains poly-chromaticity. Homo-
geneous (in colors and algebras) graph chains may be seen as
precision (conformally expanded rate) ”clocks”, where the ex-
istence of a minimum local algebra regulates also the confor-
mal transformations role. These concepts, framed together in
the graph, may be simply expressed in a relativistic scenario,
in a causal structure terms where mass would be intrinsically
related to a time concept for with no mass (time-like causal
relations) it would imply having no clocks (events) and, there-
fore, no distances, then we would have no metric structure, but
in fact a conformal structure (light-like causal relations, here
related to a topological notion of graph scale definition)
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are thus thoroughly considered in Sec. (1.1.1). Presence
of loops and ðevents emergence for a state graph and af-
ter conformal graph expansion are constrained depend-
ing on the colors probability distributions. Entropy no-
tions are also explored in Sec. (1.1.2). We then consider
an events matrix Qi j preceding definition of the colored
metric graph. Two metrics levels σ(·, ·) and g(·, ·) are in-
troduced in Sec. (2). The overview of the graph metric
structures closes in Sec. (2.1) with brief notes on metric
graph symmetries and transformations in relation to ver-
texes algebra in a first approximation. Concluding remarks
follow in Sec. (3). Appendix (A) follows on some general
considerations on models and vertices construction.
1.1 Main graph features
Here we list the main characteristics graph referring to
[1] for further discussion. We consider a graph (body) G
as the set of n vertices (events) |a〉 (events notation |a〉 or
〈a| is here used equivalently for graph vertexes) and con-
nections (edges) ci j among vertices (|ai〉 ,
∣∣∣a j〉). The sum∑n
i=1 |ai〉 is a sequence of n (not ordered and with zero va-
lence) events |ai〉. This is generally associated to an event
|A〉 (macroevent as vertex cluster) of the order n with re-
spect to the |a〉 events, equal to the sequence dimension
(cardinality of the set of events). A vertex/event can be
in general decomposed in a sequence of n ≥ 1 lower order
events. The |A〉 decomposition constitutes an |A〉 (sub)-
structure. A graph G can be composed by vertices which
are clusters of other events, providing therefore the first
notion of events clusterization in the graph G, this leads to
the concept of event algebra A and algebra A of an event
|A〉. The algebra An: The dimension (degree) Q of an al-
gebra AQ is thus a relative quantity relating events and
it corresponds to the cardinality of the vertexes decompo-
sition: the macroevent |A〉 belongs to the algebra of the
order (or degree) n (A = n) with respect to the algebra
of its constituents |a〉. In the limiting case of A = 1, the
event |A〉 is in correspondence with, “decomposed” in one
event. The vertexes of a sequence can belong to equal (ho-
mogeneous in) algebras or different (inhomogeneous in) al-
gebras, in this case the algebra degree will be not constant
for event decomposition index. We assume that there is an
irreducible, ordinary or primary algebra A0 of the order
0 considered therefore homogeneous and providing a pro-
cedure to define reference algebras (the minimum algebra
of one vertex). Evolutive operator D: It is useful to intro-
duce the evolutive operator D : D |ai〉 = |ai+1〉 relating two
vertexes with the introduction of a vertex order relation
specified by the index. These definitions have predomi-
nantly a conceptual meaning in this article, explicating
the creation of clusters by the color shift and vertices or-
der. A chain, or graph path, is the ordered set of elements
related by D (directed graph edges, order corresponds to
the D action). Two vertexes of a chain are consecutive (or
adjacent), according to D, if they can be ordered by the
action of D as |ai−1〉 < |ai〉 < |ai+1〉. The chain/sequences
concepts can be expressed by defining the product opera-
tor Dn as follows Dn |a0〉 ≡∏ni=1Di |a0〉 or sums
D
n−1∑
i=0
|ei〉 =
n−1∑
i=0
D |ei〉 = D(|e0〉 + |e1〉 + |e2〉 ...) ≡ (1) n∑
i=1
Di
 |e0〉 = (D +D2 +D3 + ...) |e0〉 ,
(k in Dk is the application degree ordering and relating
graph vertices). Sums and products properties, in the con-
text of different aspects of the graph construction, are ex-
plored in details5 in [1]. Here, however, we note these def-
initions establish a vertex/operator correspondence. We
can consider an operators chain, writing an events chain
as an associated chain of operators and viceversa. From
the events algebraAm the ”operatorial”algebraAmˆ follows
associated to Am where ∀ |ai〉 ∈ Am ∃D |ai〉 ≡ |ai+1〉 ∈ Am,
with D ∈ Amˆ and |ai〉 , |ai+1〉. The operatorial algebra
A0ˆ is associated to the primary events algebra A0. Sim-
ilarly to the events, operators can be composed in ele-
ments of superior algebra or also decomposed in inferior
algebras. The shift operator (D∗) acts as “projector” re-
lating two events in a sequence without an order relation
(changing in fact the vertex color in a colored graph). In
general, composition rules of D∗ follow similarly to D–
[1]. A sequence of events or operators is homogeneous,
if all the elements of the sequence belong to the same
algebra 6. Transformations relating homogeneous chains
5 The combinatorial, polychromatic graph can be related
to causal-set approaches is a clear way. The relation order,
through the introduction of D operator, provides the polychro-
matic structure with a reflexive, antisymmetric (a poset) and
transitive order between graph elements, combined with the
algebra homogenization and metric structures considering dif-
ferently the chromatic symmetries. The graph is ordered and
characterized by introduction of the state conformal expan-
sion and the state realizations contrasting the arbitrariness of
the colors order. Here an operator is intended as a quantity
performing specific (logical) actions (evidently connecting el-
ements of the same space). It is clear that the action of D is
doublefold: 1. to provide a strict (irreflexive) partial order and
thus ensuring the chain-of-events/chain-of-operators definition
and relations. 2. Quantity D is related to the coloring (values),
i.e. it provides a further degree of freedom and the cluster-
ing after chromaticity and identity in loop of monochromatic
vertices. Action of D is therefore related to the definition of
events and can be associated to a color transition or not. For
this reason in [1], we used a colors shift D∗ operator, having
all composition properties of D, to distinguish conceptually
the two operations. The colors shift produces only the equality
(Q = P) relation for two events (P,Q) (at the base of monochro-
matic loops definitions and indistinguishable events) and nega-
tion Q , P. This structure is complicated by the introduction
of ðevents, conceptually related to (acceleration notion[1] and
) no-locality (intended as vertices adjacency) affected by the
clustering in monochromatic or polychromatic loops, seen as
the vertices in a ðG graph characterized by algebras, an order
relation and two colors.
6 Homogeneity implies a ”linearity” in the events indices
(Aα1n+α0 ,An), reflected in the algebra transformations. We gen-
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will be particularly important as they can leave conserved
many properties of the graph structure. Chains homog-
enization is a transformation of a inhomogeneous chain
into an homogenous one by a proper algebra adaptation
to macroevents (colored) structure. Graph vertexes are
generally clustered in macroevents through equal coloring
(loops), a colored algebra adapted to this colors struc-
ture arises. An events base is a set of vertices (inhomo-
geneous or homogeneous algebra coinciding with A0 or a
conformally expandedA0). We denote as bem an events set
(base) with adapted algebra, the ”reference” ber (”inner”)
base has homogeneous algebra, generally a conformal A0
”expansion”. For convenience we consider ber as bichro-
matic, we will use and 2-level logic signal (or 4-level, in-
troducing the ”complementary-chains”, leading more gen-
erally to a (r + r)-levels logic signals).
1.1.1 Graph realizations, sequences and chains, ðevents and
loops
We here investigate the properties of the colored graph G,
laying the groundwork for a dynamic graph [1]. To begin
with we consider one graph, assuming an ordinary A0 ber
we discuss the emergent inhomogeneous basis from the
graph coloring and the particular case of conformally re-
lated bases, where indexes are set accordingly to the ber
|e〉. More precisely, the colored graph realizations (chains
and sequences) are characterized by a bem adapted to the
colored vertices clusters. Therefore we consider the cardi-
nality n = i{vi}ni=1 of the set of colored vertices in a basis
a of a graph G. Thus r ≡ i{ai}ri=1 is the cardinality of the
set of distinct colors (values). There is in general r ≤ n
and n =
∑r
i=1 ni, where ni is the multiplicity of the value
ai, that is the cardinality of the set of vertices (in ber) for
a color i, evidently there is n = r iff ni = 1∀i. Accordingly
we introduce the quantities pi ≡ ni/n ∈]0, 1[: ∑ri=1 ni/n = 1
(probabilities-colors frequencies), which are, mostly, inde-
pendent from n. (Constant probability distributions are
in ber while similarly defined sequences degeneration ra-
tios pI , are generally not conserved for realization transi-
tion, in chain or sequence.) The loops: Connections among
one-color vertices define a clusterization through homog-
enization, and thus a vertex with a loop ` (macroevent),
defining therefore a new associated algebras of indistin-
guishable events. The connections: Differently-colored ver-
texes connections have been associated to derived (partial)
events, ðevents, regulated by the colors probability dis-
tributions. We address the connections emergence intro-
ducing new event definition through the clustering after
coloring and the vertexes algebras relations.
The realizations: A graph G, at fixed values {ai}ri=1, m
vertices, and the constants pi, has multiple realizations,
i.e., it is characterized by different sequences which are
the sets of macroevents of vertices with loops. Each se-
quence is then characterized by several chains (directed
erally consider α0 = 0, where m = α1n is the special case of al-
gebra An conformal transformation, events indexes (ai, b j) will
be related by j(i) = k1i + k0, thus ( j + 1) − j = k1(i j+1 − i j) and
j(i+1)− j( j) = k1 where j > i, k1 = α1 two algebras degree ratios.
colored graphs), realizing the same sequence. In this rep-
resentation we clearly decompose a complete graph into
its paths (also in paths bundles of disjoint or crossing
chains7 in [1]–see also Figs (1)-left) with chain and se-
quences algebra C = S = m respectively in ber (and
C(m) ∈ [r,m[ in adapted bem) for a graph Gm impos-
ing the maximum valence of graph 2. The graph state: A
graph G is defined by fixing the values distribution {ai}i
and the probability distribution {pi}i8. The state Gn of a
graph G is defined by fixing the cardinality n of the ver-
tex set. The graph state realization is determined by its
sequences S and chains C. However a graph G may be
equipped with some constraints governing the clusteriza-
tion in sequences or chains, and in this way reducing the
degeneration. The conformal expansion. Then, if m ≥ n
is the events number in the ber, the graph G underwent
(transition) from the state Gn with n vertices to the state
Gm with m vertices. Conformal transformation (expanded
or contracted graph) between graph states is related to the
conformal metric transformations. To simplify our discus-
sion we assume the following N-constraint: m/n ≡ bm/nc,
where there is
∑r
i=1 mi = m, we shall assume the condi-
tions mi = pim = ni bm/nc or mi/ni = (∑rj=1 m j)/(∑rk=1 nk) =
(1/r)
∑r
j=1(m j/n j) = bm/nc ∀i, thus mi is the macroevents
number in the reference basis associated to the color ai.
For convention here we consider a seed graph state as
Gn, with a minimum n = minm. In [1] we include more
7 A graph bundle B is the collection of bounded–i.e. with
common fixed boundary vertices/events for any bundle path–
disjoint paths (chains) of the graph state Gn–Figs (1)-left. The
disjount paths of the bundle do not intersect apart at the two
extreme vertexes constituting the boundaries. We can consider
a state Gn totally decomposed in bundles. At fixed state Gm,
we can ask if there is at least a couple of colors (which can be
also equal) such that Gm can be totally decomposed in disjoint
bundles or one bundle of paths and if this property is trans-
mitted for conformal graph expansion. There are some trivial
cases: for example Smin where for each couple of colors there
are iCmin = (r − 2)! possible ways to realize the path. The total
number of possible boundaries for such bundle, and therefore
the total number of bundles, is iBmin = r(r − 1)/2 (not consid-
ering the symmetric ci j = −c ji). For a path γ to be a complete
(total chain, made of n vertices for a Gn state, differently from
web which is an homogenized chain with colored adapted alge-
bra) Gn replica in Gm (embedded in a chain) it has to be m = nΩ
where Ω ∈ N. Necessary condition for the graph to be always
decomposed in κ disjoint replicas is Ω = nκ.
8 More basis (colorings) can be defined on a graph. A poly-
chromatic graph can be clearly decoupled in r monochromatic
chains, or in an (r + r)-model, with r complementary chains
related to each color, which can be seen as a base coloring,
with event value index αi ∈ [1,i]. We considered in [1] a par-
ticles/hole for particles/events p and holes h = 6p related to the
complements for the graph Gm. In this case, the particles total
number in ber (for state and complete realization) is i{p} = m
(independent by the colors number or the probabilities) and
i{6p} = m(r − 1). The ratio i{6p}/i{p} = (r − 1) does not depend
on the graph state and the probability distribution, not dis-
tinguishing different graphs having equal color numbers and
relating, particularly, not-isomorphic graphs.
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discussion on graph relational structure intended as set
of realizations after conformal expansion. Consider differ-
ent states complete realizations, i.e. with m vertices for a
Gm state, if m > n then any realization of Gn is embed-
ded in the realizations of Gm, and Gn has different replicas
in Gm. Then Gm realizations can be set in one-one corre-
spondence, in different ways, by a conformal transforma-
tion, with the entire realizations of the Gn-state, in this
sense we can say that the set of m realizations contains
the Gn realizations (graph self-similarity and scale struc-
tures). On the other hand, new relational structure is gen-
erated after expansion–[1]. We characterize a graph by its
states and the degenerations and we show particularly how
the conformal transformations do not preserve the graph
structure in general, but the sequences of an expanded
graph includes all the conformally expanded sequences
(the respective algebras are conformally expanded) of the
original graph. Some realization properties are not pre-
served by the application of the group of permutations on
n vertices. Some graph properties are invariant for state
transition, whereas other graph features are transformed
according to the probability distribution. On the other
hand, graphs with same {pi} and number (r, n) but dif-
ferent bases have clearly equal structures, therefore we
defined these graphs as equivalent (isomorphic) graphs.
We discuss here in details the chains and sequences de-
generacy, much of this discussion mirrors some aspects
of the combinatorial graphs. We consider the sequences
degeneration and we discuss a criterion for the eligibility
of sequences and chains as part of a state degeneration,
that is a criterium to establish those chains and sequences
emerging as graph state realizations, in adapted base or
ber, based on the analysis of the necessary and sufficient
conditions for the occurrence of equal colors vertices ad-
jacencies. These quantities are then studied under state
transitions, particularly relevant is the minimal Smin se-
quence (r vertices for r-colors graph with maximum alge-
bra i for each color i) and the supremum Ssup sequences
(with m vertices for a graph state Gm with minimum alge-
bra per vertex  = 1) and associated chains Cmin and Csup
respectively, constituting Smin and Ssup degeneracies. The
existence of these ”boundary” realizations, and especially
Ssup and Csup, turns to be a relevant graph feature. We
considered in particular two special cases: the equiproba-
ble graph where there is pi = 1/r for any color i ∈ {1, ..., r}
and secondly we investigate the effects of presence of a
maximum in the distribution of pi ratios, and more gener-
ally the probability distributions in the graph realizations
and conformal expansion. The exploration of the two lim-
iting cases will be crucial in determining the graph loop on
vertex and their variation by state, the presence of a max-
imum Ssup and Csup, and the ðevents emergence. We focus
on the loop (macroevent) sets for different graph states
and the existence of maximum (algebra max`) loop, dis-
cussing the existence of the minimum number, mini`, of
loops ` and their algebra ` and loops emergence after
state transitions. Using these results we investigate the
emergence of ðevents and other aspects of the graphs con-
formal expansion–Figs (1).
1.1.2 Inhomogeneities of the graph state realizations:
degeneracy in chains, webs and sequences
We evaluate the chains and sequences degeneracy for a col-
ored graph state Gn and after conformal transformation.
The metric structures and the spinorial emerging struc-
ture would be eventually adapted to the colored graph re-
alizations [1]. There is a generation of different events and
graphs (∂G whose vertices are ðevents) associated with the
graph inhomogeneity (differently colored vertices). The
metric structure rests on the graph states which is made
by evolving (conformally related) self-similar blocks. The
change in algebra and colors, in this framework, is closely
related to the events definition. For a fixed state, the
sequences realizations have different macroevents (mul-
tiplicity Ni for i color) and, the different chains, for a
fixed sequence, have different ðevents, whose number (for
fixed vertex number n), and the cardinality iC of chains
for graph state Gn, are constrained. The graph confor-
mal expansion (a state transition) changes also the max-
imally decomposed realizations (Csup,Ssup) having maxi-
mum number of differently colored macroevents in adapted
algebra, and the the loops and ðevents emergence for the
graph state transition and graph transition from one real-
ization to another, constrained by the probability distri-
bution. In ber, the total number of chains, iCn, of a Gn
state is the multinomial distribution9:
iCn =
n!∏r
i=1(pain)!
, where (2)
∀n iCmin = r! , miniC, iCsup , maxiC and
iC¯min ≡ i(Cn − Cmin) ≡ iCn − iCmin = iCn − r! > 0,
iCn(a) determines in how many ways it is possible to dis-
tribute n distinct events (as ber events, they are all dis-
tinct as ordered) in r different boxes10, in each of which
9 Clearly a graph state Gn of r colors is associated to a poly-
nomial:
∑
k1+k2+···+kr=n
(
n
k1 ,k2 ,...,kr
)
xk11 x
k2
2 · · · xkrr = (x1 + x2 + · · · + xr)n
where
∑
k1+k2+···+kr=n
(
n
k1 ,k2 ,...,kr
)
= rn. We can represent the oriented
connections, including loops on vertex (with no-loop substruc-
ture), for a bichromatic graph (r = 2) for (x, y) colors for a state
m, with m preserved in the connection set but not the colors
frequency (for example in the anyons model developed in [1]),
as
∑m−1
i=0
(
xiym−i + yixm−i
)
, (sum is understood as a composition
and x0 = 1)
10 Algebra inhomogeneities can be considered in the decou-
pled r monochromatic chains, coupled with constraints related
to the state and conservation of (classical) probability, or can
be considered in an r + r model of monochromatic chains Ci
and their complements 6Ci (having different state number with
m(1 − pi) vertices). The polychromatic chains (and the graph)
decoupling into r monochromatic chains (graphs) is determined
clearly by the loops partitions, regulated by the multinomial
distribution (2). In the (r+r) models, the monochromatic chains
and the complementaries are not independent and the latter
are subjected to constraints different from the first. In first
approximation loops are associated to the symmetric part (in
color) of a polychromatic chain, whereas ðevents (loops free),
eventually determining the spinorial structure, to the antisym-
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there can be at most i ≡ pin different elements (events)
for the i-th color (therefore the permutations P1,2,...,rn
act on the chain vertices). In this way, however, we will
make no distinction between elements belonging to the
same “box-value”, i.e. in the homogeneous in color loops.
(Note that we are neglecting the distinctness of vertices of
a monochromatic loops, which are induced by the order
relation for application ofD, considering only the distinct-
ness, we discuss this [1] in terms of associated statistical
distribution). In this counting the value-boxes are distinct,
since they have r different (not ordered) labels. The refer-
ence, chain ber events order the events in r classes of {i}ri=1
elements all equal and not ordered. We count macroevents
afferent to the same color but different algebras as differ-
ent vertices because clustered with different loops.
On the webs: Cardinality iCn of the graph G chains
can be parameterized in an colors adapted homogenized
algebra, where equal-color vertices having different alge-
bras are considered equal, leading to the web definition.
In the webs only the number Ni of macroevents, associ-
ated with a color i, is considered ignoring their respective
loops algebras in the reference base. For any sequence of
a Gn state, the total macroevents number is N ∈ [r, n],
correspondingly there is the minimum Smin(r) sequence
(N = r) and relative chains Cmin(r) (with i{Cmin(r)} = r!)
and a superior sequence Ssup and chain Csup. Condition
n = sup(N) = max(N) is realized only in special circum-
stances, where Smax corresponds to N = n vertices, this
property rarely occurs and it is usually lost for confor-
mal graph expansion depending on the colors probability
distribution–[1]. We say that all these S⊗N sequences are
”included” in the set S⊗N ∈ [Smin,Ssup], with multiplicity,S⊗, for fixed macroevent multiplicity but not (algebra)
loop vertex, defining the web where vertices with different
loops (algebras) are indistinguishable in bem. For a graph
state is, the cardinality of the webs :
iWN,Ni (a) =
N!∏r
i=1 Ni!
−
q∑
s=1

(
N + s − s∑
j=1
N j
)
!
r∏
j=s+1
N j!
 where
Ni = 1 ∀i ∈ {q + 1, ..., r} and q ≤ r. (3)
The last term subtracted in iWN,Ni (a) of Eq. (3) is r!. This
cardinality questions how many are the chains of N−1 con-
nections (ðevents) for N macroevents with different multi-
plicity Ni, then the sequences S⊗n (in bem), for a state Gn,
so that a chain segment does not connect two macroevents
afferent to the same value, or the equal value macroevents
are never adjacent, particularly in the expanded states
there could be web chains or ber chains, that is, a chain
has a multiple multiplicity (Ni > 1) where a (monochro-
matic) cluster is considered as a vertex, depending on the
metric one. The chains coupling regulates the ðevents emer-
gence, in Cmin (having r! degenerations) and in Csup depending
by the probability distribution and different for conformally
related states having self-similar structures and different sym-
metries reflected in the metric structures.
colors probability distributions and evolving with the con-
formal transformations [1]. This is the cardinality of the
set of chains with adjacent macroevents, subtracted for
the algebra reduction (homogenization), to sequences with
lower macroevents number, given by the second term of
Eq. (3). In this counting, the (not distinct) macroevents
of multiplicity Ni ∈ [1,i] (instead of ni = npi) are consid-
ered. Note that {Ni}i, in the web, are algebra independent.
Finally, we note that the ordinary A0 basis definition
provides an ”absolute” for the iC definition, using ber
indexes, the cardinality in the ordinary base A0, is obvi-
ously greater (or equal) than the cardinality where chains
are in different indexes. It is therefore straightforward to
introduce (Shannon) entropy Sm for the graph state Gm
associated to the degeneracy Eq. (2)–[1], and similarly we
can define an entropy for a monochromatic sub-chain as
follows:
∀i ∈ {1, ..., r} S i = ki lnΩi, Ωci =
(mpi)!∏Nci
j=1 iJ!
,
Ωci (min) = 1, Ω
c
i (max) = (mpi)!, (sum on any subchain vertex).
Thus:
1
m
logΩ =
1
m
logm! − r∑
i=1
log((mpi)!)
 , (4)
where lim
m→∞
(
1
m
logΩ
)
= −
r∑
i=1
pi log pi,
or we have
S (m) = ln[(1)m] −
r∑
J=1
ln[(1)J ] = ln[Γ(m + 1)] −
r∑
J=1
ln[Γ(J + 1)]
(a)n is the Pochhammer symbol and Γ(z) is the Euler gamma
function. (The minimal sequence entropy, not considering
loops algebra, could be expressed as Smin = ln(1)r.) For
a graph G, there is minimum entropy S associated to the
graph seed Gn (n < m). We study this quantity after graph
conformal expansion. The entropy (state independent in
the Stirling approximation) as the degeneracy is an alge-
bra and state dependent concept Figs (2)– [1].
Adjacencies, loops and Θ-criterion This analysis fixes
the presence of a totally decomposed sequence, the ðevents
emergence and transformation after conformal expansion,
the minimum and maximum loop algebra for a Gm state.
The Gn realization could have, according to the proba-
bility distribution, a necessary adjacency of equal color
events in any chain of Ssup. Therefore, for a graph state
Gn, there may not be a macroevents sequence realizing the
supremum (Nmax = Nsup = n), i.e. a totally decomposed se-
quence (in other words we address the issue questioning
the prevalence of loops or ðevents after conformal trans-
formation). The adjacency would lead to a higher algebra
macroevent and consequentially there is a reduction of
N = n vertices according to the number of the adjacencies
and this sequence must be rejected as coincident with one
other sequence of the graph realizations. In other words
there is in general maxN ≤ supN (while ∃! min(N) = r
and ∃!Smin. It is clear that if max(N) = sup(N) = n, then
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∃!Ssup and, as for Smin, there is no degeneracy in color
or in algebra, but Smin and its r! chains is an intrinsic
(state independent relational structure) graph character-
istic. Then N = i(ða)+1, where i(ða) is the ðevents num-
ber for the i-sequence excluding the boundary of the first
and last event of a n-events chain of a Gn state the vertex
boundaries in graph vertex definition is also an issue of
the metric graph11.).
We can write the set of S⊗N sequences, (SN degeneration
class in bem) as:
SN = {S⊗N}NmaxN=r =
r∏
︸︷︷︸
a=1
 a∑
Na=1
Na
 H[1 − Θ], (5)
iS⊗ =
r∏
a=1
a − i{H[Θ − 1]}ra=1, where
Θ ≡
max{Na}ra=1 − r−rmax∑
a=1
Na

≤1
, then
∃!Smin ≡ (1, .., 1)−[1, ...,r(n)],
Ssup ≡ (1, ..,r)−[(11 ), ..., (1r )],
a ∈ [1, r] is the color index, Na ∈ [1,a] is the number of
macroevents for a color a, the sum
∑a
Na=1
Na is the decom-
position, at the fixed color, of its algebra (integer a parti-
tion). In the sum, rmax refers to the color associated to the
maximum of the macroevent number Nmax in the selected
sequence.
∏
︸︷︷︸ is the symbol of composition in sequence,
acting on the sums by composing elements of the sum of
the partition with the decomposition (distributive prop-
erty). Round brackets, (N1, ...,Nr) (r-entries), denote the
macroevents number for each color i ∈ [0, r], and square
brackets [(), ..., ()], [(11, ..,N11 )1, ...], denote the algebra
distribution (1i , ..,Nii )i between the Ni macroevents for
each equal-value i macroevent. Where H[x] is the unit step
function (Heaviside step function), such that H[x] = 0 for
x < 0 and H[x] = 1 for x ≥ 0. This equation provides the
actually eligible (effective) vertices, eliminating the nec-
essary adjacency, however it does not discern the differ-
ence in algebra between equal color macroevents in the
sequence, which therefore constitutes a further degenera-
tion in addition to chain degeneracy. The quantity in Θ
can also be negative and it serves to eliminate those par-
ticular sequences in the product, that would not give any
macroevent implying a necessary equal color vertices ad-
jacency. Hence, the threshold term Θ ≤ 1 (Θ-criterion)
excludes from the counting the cardinality of excluded
sequences, and it obviously depends on the graph state.
(This criterium is investigated in details in [1] where we
study this under conformal transformations. Particularly
we explored equiprobable distributions closely associated
11 A polychromatic connection (ðevent) corresponds to a ðG
vertex. In contract with a G-vertex, which is always monochro-
matic and with an algebra , a ðG vertex is dichromatic, with
an order (a values ±), and algebras ({1(1), {2(2)), with {i(i) ≡
ai + bi i −ci (where i ∈ {1, 2}) with values (ai, bi, ci) = {±1, 0},
depending on the loop counting on first or second (respect to
the connection order) vertex .
Fig. 1. Upper panel: scheme of the graph structure and dif-
ferent components, chains, bundles and relation with simplex.
Bottom panel: (1)-(2)-(3) elements. Trinomials mod g. Multi-
nomial distributions M[ni, n j, nk], providing the first three po-
sitions of the number s represented as spheres/boxes location,
the similarities in different schemes are evident especially for
conformal transformations in the below box. (1): ni, n j ∈ [0, 4]
for nk ∈ [0, 16], g = 4, s = 1. (2)-(3) gives the multinomial coeffi-
cient where ni = 4− i, n j = 4− j, nk = 16−k and g = 4, for s = 2 (3)
and (2) s = 3. Below box. Conformal transformation. Multino-
mial distribution: ni = x − i, n j = x − j, nk = x − k, {i, j, k} ∈ [0, x].
Below elements: x = 3 from A-to-C element s = (1, 2, 3), respec-
tively. Upper elements: x = 6 from A-to-F s = (1, 2, 3, 4, 5, 6),
respectively.
to the conformal homogeneous algebras). The equiprob-
able systems always have a maximum degeneracy in se-
quence. The degeneracy in algebra of supremum sequence
is obviously 1. We note that this question is tantamount to
asking whether, given the particular choice of macroevents
(N1, ...,Nr), there is at least one acceptable chain realiza-
tion (according to the no-adjacency condition) and for
conformal transformation. (If 6∃max{Na}ra=1 for a sequence,
there is Na(1, 1, 1.., 1) = NaSmin which, in the case of maxi-
mal sequence satisfies the Θ-criterion). Complete analysis
of these cases is in12 [1]. A further related aspect, signif-
12 In [1] we particularly focus on partitions and combinato-
rial problems in the construction of graph states and their
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icant in this analysis, is the loop symmetries (equal color
vertices). Discussion on the loops distribution involved
partitions of equal-value graph vertices: it is in fact the
problem of partition P(a,Na) of an integer a = pan in
a Na fixed number of slots, where Na is the number of
summands in one of a partition. Algebra analysis is re-
lated to the identification of sequences loops distribution,
determining metric symmetries (evolution) for graph un-
der conformal expansion and also the related to the graph
entropy definition–[1]. Discussion on loops involves also
analysis in terms of specific polynomials (associated to D`
dihedral group of order `). For polynomials of equiprob-
able distributions, we can describe this problem in terms
of an r-th degree polynomials in bn/rc variables. There are
however several expressions with polynomials of this par-
tition and combinatorial problem. In the reference algebra
A0, for any color i there is `i ∈ [1,i], where 1 stays for aA0 vertex, ` for the algebra (order) of loop `, with respect
to ber. Thus there is `Ji = Ji algebra of the macroevent
J associated to the value ai. The cardinality i(`i) of the
set of loops with i color, is the i-color loops (macroevents)
number. For a chain, if ∃! i : ∃! mini`i = 1, then there is
min `iα = Θiα , where Θ is introduced in Eq. (5), and iα is
macroevent associated to the value ai to which the min-
imum loop belongs, and that is also the necessary loop
for that chain. Therefore, if the minimum order (alge-
bra) of the necessary loop (according to the Θ-criterion)
is min`i, then there must be min`i vertices that ad-
mit only (2-valence) connections between them, according
to Θ-criteria. The investigation of the minimum order of
loop means, in the first place, to asses the necessary exis-
tence of a vertex with loop, and this case is realized only
by a one single vertex (macroevent multiplicity and loop
cardinality equal 1) and, as we discuss [1], the minimum
necessary loop has to be unique. Graph loops number and
its state-dependence, the existence of maxi` and the or-
variation after conformal transformations, particularly parti-
tions for the monochromatic loops the issue of adjacencies and
invariants after expansions Here however we consider poly-
nomials for equiprobable distributions, we can describe this
problem in terms of an r-th degree polynomials in bn/rc vari-
ables. There are several expressions with polynomials of this
partitions and combinations problem, here it is natural to
consider for the equiprobable associated polynomial : P(S) =∑
k1+...+kbn/rc=r r! ·
∏bn/rc
i=1
x
ki
i
ki!
, summation of all possible bn/rc-plets,
whose sum of the elements is equal to r. This follows in fact
from the application of multinomial theorem, xα stays for the
bn/rc variables such that x1 corresponds to the number of loops
1 and xbn/rc corresponds to bn/rc macroevents. The variable
power indicates the color, thus for example for x24 the mul-
tiplicity of the macroevent associated to the value a2 is N2 = 4.
We can paraphrase the problem through the interpretation of
the multinomial coefficient as the number of ways in which r
objects can be distributed in br/nc boxes, such that ki objects
are in the i-box and the permutation of r objects of which are
ki equals. If bn/rc ≤ r then all the sequences satisfy Θ-criteria
and then iS⊗⊙ = bn/rcr. The case bn/rc > r, i.e. the number of
polynomial variables is larger then the polynomial degree, is
considered more deeply in[1].
der max` can be studied considering a decomposition in
polygons according to vertex algebra. We faced the prob-
lem of determining the maximum number of loops, maxi`,
and the maximum loop order, max`, for a graph and the
variation of these quantities following a conformal graph
expansion in [1]. In particular, for the equiprobable ()
case, there is i`(i) = 2
m
r − 1− mr , i`(r) = r(2
m
r − 1)−m–
Figs (2). These relations explicitly consider the change for
conformal transformation through direct dependence on
m and the growing of the range  ji ∈ [2,i], (note when
m = n, for the seed state, then i`i(n) = 0, i`(n) = 0).
Therefore we asses in this way the existence of the mini-
mum number of loops mini` and their order min` and
min ` and loop emergence. We particular focus in [1] on
the minimum order (algebra) min ` of the necessary loop
for a graph state, and the minimum necessary number of
loops, mini`, and after a graph conformal transformation.
The loop algebra is connected with the metric invariants
and the graph inertia µ, moreover these quantities are re-
lated to the graph radius definition. These considerations
deal also with the graph (self-similarity in sense of chains
embedding and graph replicas in higher states) proper-
ties after conformal expansion. Note that vertices in an
homogeneous loop considered here are symmetric graph
(sub)states. Considering the symmetry group related to
loop polygons (actually a polygonal with open boundary
conditions), quantity should transform accordingly to the
D` associated to loop13 `, having proper boundary con-
ditions (closed) for “reflection” of indexes ai−` (equal color
vertex) coincides with the a` of the loop with rotation
for angle 2pi/` (loop radius)14. Adapting a metric struc-
ture to the colored graph, we encounter in the problem
to provide a suitable topological structure and appropri-
13 The rigid movements of a regular polygon can be thought
as vertices permutations. Then, each group is isomorphic to one
subgroup of a group of permutations (S n). According to Cayley’
s theorem if G is a finite group of order n, then G‘is isomorphic
to a subgroup of S n. (i.e. we could say Cayley theorem implies
that each group can be considered as a particular group of
permutations). In general, however, not all the permutations
of the n vertices of a regular polygon are induced by symmetries
of the polygon. In general, the symmetries of a regular polygon
having n sides are: the identity id, the rotations ri (amplitude
2pi/n (here related to the loop radius)) around the origin; n axial
symmetries {s1, ..., sn} with respect to a beam of n straight lines
passing through the center the axial symmetries depending if if
n is odd or even, Dn = {id, r..., rn−1, s1, sn} is a not abelian–(axial
rotations) group of order 2n isomorphic to a subgroup of S n
(Cayley theorem). All the Dn elements are determined once the
rotation r has been assigned and any axial symmetry s. Finally,
the question if a (monochromatic) loop should be considered
open or closed, in the sense of graph cluster, touches some
aspects of simplex-graph relations and loop inner symmetries.
Here we associate to any loop a (outer, boundary) valence 2.
14 Concerning the loops and their representations, multisets
(or bags) formalism can be a valid homogeneous loops represen-
tation, for sequences but not for chains (i.e. ci j j ji ≡ ci jc ji = cII)
where the value of multiset coefficients (number of multisets of
cardinality `, with elements taken from a finite set of cardi-
nality m) can be given explicitly as
(m
`
)
=
(m+`−1
`
)
=
(m+`−1)!
`! (m−1)! .
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ate analysis of graph isomorphism under conformal trans-
formation, we discuss these aspects in [1]. For a metric
graph it would be important to provide a proper graph
“topology” notion, in particular concerning a separability
definition15. Since the graph admits isomorphic parts and
propagates (in the sense of conformal expansion) trans-
mitting seeds-copies and isomorphic parts then a question
to be addressed regards the events graph isomorphism16.
15 A further point to be addressed is whether an events chain
can be seen as a Cauchy sequence (in the sense also of clarifying
how and when we can eventually provide a notion of Hilbert
space or Banach space properties). More generally, given a
metric space (X, d), a sequence x1, x2, x3, ... is Cauchy if, for
every positive real number e > 0 there is a positive integer
N such that for all positive integers m n > N, the distance
d(xm, xn) < e. (In this model a vertex norm is never null and
then the distance between vertices is never null, it can be null
instead σ(·, ·) and g(·, ·)). Generally, for a discrete metric, any
Cauchy sequence of elements must be constant beyond some
fixed point, and converges to the eventually repeating terms.
The notion of convergence of sum of vertexes has to be consid-
ered through an appropriate topological notion adapted to this
graph framework. A further related problem consists in the re-
search of graph “fixed-points“:given graph property fG(m), we
can ask if it is satisfied fG(m) = fG(m0) = fG(κm0). We face this
(persistence) problem also in [1]).
16 More precisely here intend a bijective application f from
the vertices of G to the vertices of G˜ that preserves the “rela-
tional structure”, in the sense that there is an edge from the
vertex a• to the vertex a◦ if and only if there is a similar con-
nection from the vertex f (a•) at the vertex f (a◦) in G˜. This no-
tion has to be considered into a dynamical graph framework for
transformations preserving relational structures. The relational
structure is transmitted in the graph conformal expansions to
larger states while a new relational structure appears, expan-
sion of the graph structure as discussed in [1]. We could use a
conformal expansion model with constant graph vertex number
after expansions, and equal to the seed initial state graph Gn,
the expansion would be on charge of the connections number.
Conformal expansion connects vertexes of the seed graph Gn to
the twin graph Gn for the first step of expansion. At the (m − 1)-
step there is the Gn (m − 1)-copy (completely) connected to the
m-Gn copy (all the Gn vertices, which have always zero valence
in Gn, are connected with all the vertices of the next-and ac-
cording to the model to the former- copy Gn). The connection
between the two copies in the 1-step process inherits the con-
nections of the former states Gn with the (m − 2) copies, accord-
ing to the specific transmission model fixed by some ”boundary
data”. (Since connections are all ”flat” (equal) this model closes
the simplex). Particularly useful in the equiprobable graphs
representations, this model can be used also in the conformal
expansion with expanded vertex number, in the study of the
isomorphism of complete realizations replica in larger states. In
general, there is then, Noutv (m) = N
out
v (0)
∏1
χ=m(r − ro(χ))(r − ri(χ))
and N inv (m) = (r − ri(m))(r − ro(0))
∏1
χ=m(r − ro(χ))(r − ri(χ)) where
Noutv (0) = r − ro(0), for the number of connections per vertex
outgoing (ingoing) Noutv (m) (N
in
v (m)) from the m-step ((m − 1)-
step) graph Gr copy to the (m + 1)-step (m-step) copy Gr in a
conformal expansion process from state G(m0) to G(m) (obvi-
ously here (m,m0) are the expansion step from the seed (m0)
to the step (m) the union
⋃m
i=m0 G(i) can be directly related to
Two graphs are isomorphic if one can be transformed
into the other simply by renaming its vertices, this has
be considered in the metric graph context17. The loops
study faces a different aspect of the conformal transforma-
tions and on the N-constraint and on the choice of color
base18 r (finite and discrete). (A further related problem
is in what extent the events chains in conformal expansion
the Gm from the conformal expansion in the variable vertex
number mode). Then Noutv (κ) provides the total number of out-
going connections per vertex from the state of (colored direct)
graph Gκ (with ”memory” in the sense of transmitting struc-
ture/connections as explained below) from former state Gm0 to
expanded Gκ (κ > m0) inheriting or not previous connections
(of former state of the expansion) depending on the values at-
tributed to the boundary data (ri(x), ro(x)), x is a graph state
variable and stands for the number of steps in the conformal
expansion, while r number of graph vertices assumed to be
colored. There can be then ro(κ) = {0, 1} and ri(κ) = {0, 1} for
each state (particularly κ = m0)and depending on the chosen
model; each connection is differently considered according to
be a loop or antisymmetric, conditions on (ro(κ), ri(κ)) deals also
with this aspect, ri(0) = {0, 1} considers the possible previous
history to a zero state m0,more specifically we intend a graph
symmetric -connection, the absence of this condition (1) would
give rise to a not completely connected graph copies and can
be seen as a model for signal transmission from a source-vertex
to others of a simplex, it is also clear that the outgoing-sign
of the ”directed” conformal expansion can be also read as a
back-transmission, a ”reply”-direction, to the simplex vertexes
which are always ”trapped” in a (constant) Rr−1 dimension (or
superior) spaces thus the condition of not-reflexive connection.
The explicit choice of (ri(x), ro(x)) makes possible to change the
structure transmission model for expansion in accordance with
each process state. To obtain the total connections number
(during a transition) it is necessary to multiply N iv or N
o
v for
the number of vertices per state which is always r. Clearly any
graph chain of m vertices can be a well chosen path in the
graph sequences
∑m
i=0 Gr(i), the sum is clearly intended here in
the sense of clusterization introduced for graph vertexes.
17 However, the problem of isomorphism of subgraphs (ap-
pearing here in the scale invariance and conformal transfor-
mation) is NP-complete, although it is evidently in NP, it is
suspected that the graph isomorphism problem is neither P
nor NP-complete. Note that a graph is said to be strongly con-
nected or disconnected if every vertex is reachable from every
other vertex. The strongly connected components or discon-
nected components of an arbitrary directed graph form a par-
tition into subgraphs that are themselves strongly connected.
It is possible to test the strong connectivity of a graph, or to
find its strongly connected components, in linear time. Note
that this problem of connectivity is indeed strongly related to
locality problem through valence notion. We address this issue
in relation to equidistant (connected with equal edges) vertices
in [1].
18 Then, a proper characterization of the graph state tran-
sition has to be included for the case m = ∞. Loops distribu-
tion, P(|0〉), has always cardinality greater then 0; thus being
 = ∞, the (countable) cardinality is cardinal. On the other
hand, the number of ways in which n events of r colors can
be combined, considering also a loop on one value with i = n
(not satisfying the conservation of pi at Gn, having role in the
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could be considered as Markovian chains). Large confor-
mal expansions would represent the asymptotical states,
while the inhomogeneity changes with realization at equal
state. We could say that the larger is the inhomogeneity
(in color or algebra) and more articulated and complex are
graph (and metric) levels, more articulated is the emerg-
ing spinorial structure depending on the colors probabil-
ity distribution. Chains transitions are related to change
in the loop-ðevents distribution, where loops presence is
balanced by the ðevents in the chains.
Connections, ðevents and inhomogeneous vertex ag-
gregates
Inhomogeneous in color connections, ðevents, and more
generally not-identical aggregates of any order, arising from
permutation (and rotation) groups representations, would
play a relevant role in the metric and dynamical frame
considered in this approach, with the analysis of differ-
ent representations of graph chain realizations19. In this
frame it can be simpler to explicit the related Clifford alge-
bra: using such representations for antisymmetric connec-
tions, events-aggregates, according to the permutations,
obey Clifford statistics, thus vectors as plexors (for per-
mutation) and spinors (for rotation) would appear, where
spinors can be seen in some way as plexors of aggregates–
[1].
We conclude with some considerations on the emer-
gence of polychromatic connections, whereas we deepen
these issues in [1]. Let ic(m) be the cardinality of the set
of all possible edges in a (fully connected) graph of ver-
tices m, including the symmetric connections, and iCi(m)
the number of connections per vertex of the graph (va-
lence in a fully connected graph). We note that for m¯(`),
number of effective vertices for a general graph state Gm,
the following relations always holds: ic(m) = m¯(`)iC¯i(m)
and iC¯i(m) = m¯(`) − 1–Figs (2). We need however to es-
tablish the exact form of m¯(`) and the transformation for
a conformal expansion, from an initial state m0 and re-
duction in the effective number of vertices by considering
loops `. The effective number m¯ of vertices for sequence
im¯ = m+1−min`(m) where min`(m) = Θ(m)H[Θ(m)−2],
conformally expanded graph), is iG = rn (homogeneous loops).
If the events n ∈ N are infinite there is iG = ℵ1 = rℵ0 . If colors
r ∈ N (but infinite) then iG = ℵ1 holding also if r is infinite
and not numberable and if n is finite or infinite but numerable.
On the other hand if n (ber events) is infinite not numerable
then iG = ℵ2.
19 We could introduce a “graded structure“ in terms of ”an-
nihilation” and ”creation” operators (related to D evolution),
written as as graded anticommutative product (Superalgebra
a Z2- algebra graded.). Considering also algebra inhomogene-
ity: [a†pσ, a
†
qκ]λ = a
†
pσa
†
qκ − λa†qκa†pσ = 0 where λ = Θ(pq)(σκ) ≡
Θ(pq)Θ(σκ) − 2δ¯pqδ¯σκ, in the connections of the order 2, ðevents,
where macroevents are considered adjacent, (σ, κ) denote the
algebras of two events, (p, q) are colors indexes, δ¯xy = δxy − 1,
Θxy = δ¯xy + δxy = eı(1+δ
xy)pi = (−1)δ¯xy . The “truth table” emerges
as A ∨ B, OR logic gate, with the the logical disjunction as
an operation on the two logical values ±1 (a connection can
be represented by the function ψ(a2, a1) = (−1)1−δ(a1 ,a2)ψ(a1, a2),
where a is a base index, ai value.)
(these relations, including the +1 term hold properly con-
sidering the algebra of a vertex without loop equal to  = 0
or vice versa  = 1, in fact we consider these possibili-
ties differently in this work, this choice depends on how
the loop boundary is considered)–[1]. These quantities are
regulated by the Θ-criteria and the G probability distribu-
tion. It is thus important to asses ðevents transformation
with conformal graph expansion. As a general result, the
number of ðevents is minimum in the minimal sequence
Smin (a state invariant-conformally expanded in algebra),
then there is
miniðc = r − 1∀m for Smin, and (6)
∀m ∃Sm : ∂m maxiðc(m) > 0,
and the following two cases are possible
(1) maxiðc(m) = 2m(1 − pmax) < m − 1,
∂m maxiðc(m) = 2(1 − pmax) < 1 if ∃!pmax ≥ 12 +
1
m
,
otherwise (7)
(2) maxic(m) = m − 1 and ∂m maxic(m) = 1
(total order of two connections)–Figs (2). The ðevents
number (and density ic(m)/m for Gm) increases with a
graph conformal expansion. The extremes in cardinality is
an graph property depending on r and {pi} (the maximum
probability pmax). Regular permutations build the degen-
eracy class of the minimal sequence Smin, this is not the
case for other sequences. The supremum occurs in maxi-
mally decomposed sequence, Smax, and the ðevents number
is bounded in iðc ∈ [r, N¯ − 1] ⊆ [r,m − 1[, being N¯ in the
effective number of vertices in a sequence (homogenized
algebra). In general the degeneracy in chain is not invari-
ant under permutation, accordingly to the Θ-criteria. We
could use Θ as an index of the peak of the colors probabil-
ity distribution and the colors homogeneity. The situation
depends on the gap in the probability distribution with
a maximum (or the presence of more maxima), for a gap
increasing, the number of ðevents decreases. Loops num-
ber on vertex can vary at maxic(m) =constant–Figs (2).
The higher is the probability distribution peak (maximum
probability gap) and the greater is Θ and lower is the in-
homogeneity and chain length (number of events in value
frame) in value, that will reflect on the metrics σ(·, ·) and
g(·, ·). The lower is the maximum and the greater is the
number of decomposed (lower event algebra) chains with
the minimum case of equiprobable distribution where the
quantities transform conformally. The results found here
can clearly be generalized for N macroevents, addressing
this aspect of the graph realization for sequence in index
of macroevent. However, given N macroevents, the total
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number of ðevents, including the symmetric chains20 is
icð(N¯,Ni) = N¯(N¯ − 1) −
r∑
i=1
Ni(Ni − 1) = N¯2 −
r∑
i=1
N2i
and
r∑
i=1
Ni = N¯ = N, i`2(N¯) =
r∑
i=1
Ni(Ni − 1),
i`(n) = n
n r∑
i=1
p2i − 1
 , (8)
icð(n) = n¯2
1 − r∑
i=1
p2i
 = n¯2 r∑
i=1
pi(1 − pi)
and n¯ = n + 1 −min`(n),
and particularly we find
for Smin icminð (N,Ni) = r(r − 1) and for (9)
S icð (n) = n2 [1 − 1/r] , i`(n) = n
(n
r
− 1
)
,
for r = 2 icð(N,Ni) = 2N1N2 (10)
and icð(n) = 2n2p1p2,
(These relations were related to graph inertia µ and radius
R[1]). We considered the effective macroevents (”normal-
ized” by the algebra homogeization considering the equal
color events adjacency). Then i` is the total number of
possible loops (of the order 2); we take into account all the
possible connections, for the sequence, (N(N − 1)) and all
loops are subtracted. Thus, quantity i`(N) =
∑r
i=1 Ni(Ni −
1) and, respectively, i`(n) = n
(
n
∑r
i=1 p
2
i − 1
)
are the supre-
mum max `(n) and max `(N), for that sequence. In this
counting, however, we have considered all multiple events
20 Chains are (colored) oriented realizations. C+ with an a-
priori ordering (orientation) always admits an inverse C−, equal
to C+ but with an opposite orientation of vertices ordering.
(C(±)n (a) = C+n (a) ∪ C−n (a)) is a (not-homogeneous) loop on the
first (last) vertex of C+ (C−), this is a ”not-abelian” composi-
tion, i.e. (C(±)n (a) , (C(∓)n (a) = C−n (a)∪C+n (a)) that is a loop on the
first (last) vertex of the C− (C+). In a graph, cycles or totally
symmetric chains, C+ = C−, are possible (an homogeneous loop
of algebra i is a cycle of length i endowed with several sym-
metry properties. Necessary condition for a chain to be a cycle
is the periodicity (according to color, algebra) with a 1 step.
We say that the (open) chain is totally symmetric if-(necessary
condition) there is at most one element, a part the boundaries
with multiplicity (macroevent number in adapted frame) 1, if
this is unique it is called the chain center a~, or symmetry
pole. With the exclusion of a~, which has multiplicity 1, there
is minNi = 2 for any vertices of the chain, particularly for the
chain boundaries. Then ∀ai∃!a j : a j < ai < a j, microreversibility
or local symmetry with center ai. According to this scheme if
there is a chain then there is also a reverse, except if it is totally
symmetric where C+ = C−. Note homogeneous loops are always
reversible. We discussed extensively the influence of chain or-
dering in the graph metric symmetries, an interesting question
is how, considering a probability distribution, the number of
symmetric and reversible chains, or the micro-reversibility in-
creases for superior states under graph conformal expansion.
related to the same color as necessarily separated, while
as we have seen not all combinations allow the separations
but some adjacencies emerge, then a second level of ratio-
nalization or reduction in effective vertices is needed. Con-
nections
∑r
i=1 Ni(Ni−1) are the totality of those connecting
equal values (loop), while N(N−1) is the totality of connec-
tions, and there is Θ −N¯i(N¯i−1) = −(Ni−1)(Ni−2)H[1−Θi].
That is, we excluded loops derived from not-necessary con-
nections between same vertices, however we did not ruled
out the symmetric (±) connections or connections between
identical vertices providing a distribution of macroevents
with multiplicity greater than 1. (Importantly this implies
that these procedures can be applied also for inhomoge-
neous algebra respect to A0). The introduction of a col-
ors algebra, changes also the metric structure associated
to the original not colored ber graph, and consequently
we can characterize a graph according to the different
(dynamic) metrics σ(·, ·) and g(·, ·) defined on the differ-
ent graph paths (chains). Below we introduce an events
matrix, preceding definition of the graph first level met-
ric based on the vertices composition and decomposition
and the ber-bem relation, through this formalism metrics
transformations can be also discussed.
Matrix Q of the events Before addressing the discus-
sion on the metric graph we introduce a matrix Q, this
will serve to the presentation of some conceptual features
of the graph that have findings in the graph adapted met-
ric structures. For the colored graph, the n × m matrix
Q has m columns of (ber) events in chains, n̂ being the
degree of application of D, m refers to an adapted index
(rows are made of sequences elements, for a multi-bases
graph there is a multiple matrix Qi jk....). Events matrix Qi j
corresponds to an operator matrix Qˆi j of elements Di×D j,
according to the vertex-operator correspondence:
DkQi j ≡ (Dk × 1)Qi j ≡ Qi+k j, (11)
Q ji ≡ Qi j∗ ≡ (Di ×D j)∗Q00 ≡
(D j ×Di)Q00 ≡ (D j × 1)(1 ×Di)Q00,
There is cˆ/rˆ ∈ [0, 1] for the ratio between column (shift)
and row (evolution) operator algebras, related to Drˆ ×Dcˆ
on the initial vertex Qi j whose indexes are not constrained
(a colored graph vertex has an algebra greater or equal
then the ber)21. With an initial event Qii on the “diago-
nal”, the upper-triangle part of the matrix is “inaccessible
21 According to the constraints on the operators indexes, two
matrixes definitions could be given: (1) A matrix excluding
not-homogenous loops: 0 < rˆ ≥ cˆ ≥ 0. (For cˆ = 0 there is
an homogeneous loop). There is then: () 0 < r2 − r1 = rˆ ≥
c2−c1 = cˆ ≥ 0, where ri, ci are indices following the first or second
application (according to chain order) and (⊗): c2 ≥ c1 and r2 −
c2 ≥ r1−c1 for any starting element. (2)A matrix including not-
homogeneous loops (in some ways with ”memory property”):
0 < r2 − r1 = rˆ ≥ cˆ and cˆ , c2 − c1. There is (i)c2 − c1 = 0, an
homogeneous loop; (ii)c2−c1 ≶ 0, then if c2 ∈ C{ci}r2 = (c2 ∈ {ci}r2 )
(c2 belongs to the ”past” of indices c) it is a loop (cˆ = 1), or if
c2 ∈ B{ci}r2 = (c2 6∈{ci}r2 (c2 belongs to the ”future” of indices c)
then c2 = cˆ+maxC{ci}r2 . Algebra relation σˆ(τˆ) could be generic
according to constraints.
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“ (paths confinement), and evolution of Qii element, and
all the graph chains are confined. Chain Tr(Q) ≡ γδ, made
of elements on the main diagonal, corresponds to a max-
imally decomposed chain Cmax, and any chain γg could
be recovered as deformation of γδ, locating the γg upper
boundary in the sense of matrix confinement
γδ = Tr(Q) = δi j(Di ×D j)Q00 ≡ δi jQi j (12)
γg = gi˜ j˜(Di˜ ×D j˜)Q00 ≡ (δi jGii˜G jj˜)Qi˜ j˜,
(a further term can be added to the δ-term to consider
ðevents, here Di × D j : Q00 7→ Qi j), δi j is the Kronecker
delta (sum on repeated index is intended composition in
chain), while gi j is a δi j deformation and G jj˜ are deforma-
tion matrices constrained by the assumption on the alge-
bra degrees rˆ/cˆ mirrored in the metric graph approach.
2 The metric graph Gn
In this section we introduce the metric graph, discussing
aspects of the polychromatic graph symmetries, while we
will deepen this feature of the graph model in [1]. After
introducing the double metric structure, we then conclude
in Sec. (2.1) by exploring the color symmetries in the poly-
chromatic metric graphs.
A doubled metric structure is overlapped to the col-
ored graph G realizations with two chain-adapted metric
definitions, σ(·, ·) and g(·, ·), to be defined on Gn chains,
and therefore differently reflecting chains symmetries and
chains transformations22. A metric transformation con-
nects chains of the same graph state or graph different
22 Multilevel structures associated with the higher levels
graphs should be also considered. More generally the concept
of structure has become increasingly important over the last
few decades, becoming also one of the fundamental notions
of modern mathematics, and particularly structure in a rela-
tional theory is clearly a predominant concept. In the space-
time (Lorentzian) maniflold the (one-level) metric structure
overlaps in some extent to the causal structure, describing the
causal relation between points in the manifold, rendered and
reflected also by the metric definition. As described here, met-
ric structure is the (polychromatic) graph structure reflected
and readjusted, in the sense of the role of symmetries, in g-
metric. In g(·, ·) the invariance for colors inversion results in
a gluing of realizations in chains which are related by certain
predetermined transformations. This approach can be consid-
ered therefore a form of structuralism where objects ”intrinsic”
properties are defined by their (external) relations. Structure,
intended as information organization, in the case of the com-
binatorial graph we are considering here involves the way in
which a graph in partitioned into interrelated components. An
event structure represents in a broader sense, the set of objects
included in G and their relationships, understood as recipro-
cal relations of Gm constituent elements, where different levels
and different clusters emerge. This structure includes a hier-
archy of relations (conformal levels- monochromatic clusters,
or the polychromatic ðevents) where the higher-level structure
contains multiple copies of the lower-level structures (the repli-
states, reflecting the isomorphism and replicas of all the
Gm states of a seed and conformal expanded graph [1]. Al-
gebra homogenization is also translated into metric trans-
formation. Metric σ(·, ·) depends on and discerns the col-
ors (and eventually algebras) symmetries of the polychro-
matic chains, as defined in Sec. (1.1.1) mirrored in the
metric structure defining metric symmetries. Metric g(·, ·)
is invariant for a set of chain transformations, we define
this metric-level as emergent from σ(·, ·) level, describing
classes of graphs realizations related by specific assumed
transformations, in Sec. (2.1) we discuss this aspect con-
sidering a simple frame. The σ(·, ·)-metric and g(·, ·)-metric
can be written in different forms as:
σ(·, ·) −metric σ = hABωABx ; σ = hABωABxy , (13)
♣ σ = hABωAxωBy ,
g(·, ·) −metric g = hABCDωABCDxy , g = hABCDωABx ωCDy ; (14)
g = hABCDωABCDxyzt , ♠ g = hABCDωABxy ωCDzt ,
g = hABCDωAxω
B
yω
C
z ω
D
t ,
coincident in special cases depending on the adaptation
to graph realizations. Here we do not include the ðevents
explicitly and we concentrate, in the following, mainly on
the ♣ and ♠ forms. An ”induced metric” level has be also
defined
σ(·, ·) −metric σAB = (h)xωABx ; (15)
σAB = (h)xyωABxy , σ
AB = (h)xyωAxω
B
y ,
g(·, ·) −metric gABCD = (h)xyωABCDxy , (16)
gABCD = (h)xyωABx ω
CD
y ;
gABCD = (h)xyztωABCDxyzt , g
ABCD = (h)xyztωABxy ω
CD
zt ,
gABCD = (h)xyztωAxω
B
yω
C
z ω
D
t ,
(here we do not focus on the induced metrics but it is clear
that an induced metric structure exists to which a graph
can be associated. In some way, also g(·, ·) and σ(·, ·) met-
rics in Eqs (13) and (14) are composed by properly cho-
sen induced (h)-metrics). Quantities hkz, with hk ∈ {h, (h)}
are general matrixes we detail below, z are for indices
{A, B,C,D, ...} of bem or colors in polychromatic or dou-
bled monochromatic approaches to graph chain realiza-
tions. Indices {x, y, z, t, ...} are ”inner indices” (ber, defined
in an ”inner space-graph”). These quantities will be dis-
cussed in more detail in Sec. (2.1) with an example which,
adopting a fictitious exemplification, will focus especially
on symmetries.
cas), then in this sense we can speak of events (scale or confor-
mal) structure of the spacetime. How this structure relates to
the it-from qubit-models, is a matter of how the clusters and
distances are considered. Cayley graph proposed here could be
used for a complexity geometry approach, using bits, qubits,
and logical gates. A metric on quantum states has been pro-
vided as inner-product distance where states orthogonal are at
maximum distance. Length may be framed in gates concept.
For n bit the maximum entropy is ln2n (as for qubit). For n
qubits, a complete basis for the tangent space of SU(2n) can
be constructed by 22n − 1 generalized Pauli matrices.
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Fig. 2. Cardinality iQ of the set of Q-quantities and algebra (order) Q of the element Q, where ` is for the graph loop, C to
chains,  indicates equiprobable distributions, r is the colors number (where not otherwise specified), (m, n) refer to graph states
(Gm,Gn), Ω(Q1,Q2) refers to the distributions considered in Sec. (1.1.1) and particulary Sec. (1.1.2) re-parameterized in terms of
quantities (Q1,Q2). We highlighted particularly the presence of maxima and minima of entropy and cardinality, the peculiarity of
equiprobable distributions and, in the case of not-equiprobable graph, the cases with a single or multiple maximum of probability,
the dependence on colors number r and the change for conformal transformation. The curves relate different graphs at equal
states creating classes of different graph with similar properties. U/ refers to a system ` of ` indistinguishable, not-interacting
(no ðevents), particles, let (n) denotes the energy of a particle (a quantity related to the algebra (1⊗1) in ber). Since particles
do not interact, the total energy (U) is the sum of single-particle energy. This explores the system of m oscillators describing,
in the limit of infinite m a Klein-Gordon scalar field. The fundamental difference in our case here is that we do not consider
the possibility that a macroevent could be associated to 0 event. The Stirling approximation can be used within the hypothesis
m  1 and k = n − m  1, implying r  1 (large conformal expansion). We note that S ≈ lnΩ in the Stirling approximation is
symmetric for change of k and m (U/ ≈ k/m). Last panel: shows i`(m) function of r–[1].
Quantities ωA and ωAB
Quantity ωAB refers to distance notion for a couple of
colored graph vertexes (we drop the inner indexes for con-
venience while sum on repeated indices and contractions
are clear from the context). Element ωA in the first level
graph σ(·, ·) considering mainly loops, refers to a vertex in
colored bases indexes A. We have implicitly considered an
homogenized algebra, whereas in a monochromatic loop
internal symmetries act (group of polynomial D) which
we will ignore (undistinguishable vertices). Equivalently,
because of the vertex/events definitions we intend ωA as
measure related to colored indexed vertex, or event index
and base index, related to polychromatic or couples of
monochromatic chains with complements, and in first ap-
proximation providing the vertex algebra in a given base.
Decomposition ωAB = ωAωB follows from assumption on
the ωAB evaluation and the action of matrix hAB. Simi-
larly for ωABCD, this general quantity refers to a couple
of vertexes (a chain connection in some colored algebra).
Actually metric g(·, ·) couples polychromatic chains re-
lated by certain transformations. Decomposition ωABCD =
ωABωCD binds together specifical couples, eventually we
bind through this assumption g(·, ·) to σ–metric,
On the matrices h and (h)
Here we consider matrices h and (h) in Eqs (13, 14)
and (15,16) in σ- and g-metric. Matrix hAB can be been
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considered be symmetric or antisymmetric, we can include
an antisymmetric part clearly related to the ðevents or
connections. Using a first approximation, in Sec. (2.1) we
consider ”Lorentzian” metric hAB = ηAB = diag{1,−1}. A
second main assumption concerns the form of hABCD. We
already partially addressed this issue discussing quantities
ωAB. Considering the symmetries in g(·, ·) metric structure,
we consider the following two possibilities:
η-form : g = hABCDωABCD; (17)
σQσ-form : g = Qαβ...σασβ...;
z g = σQσ = hABQhCDωABωCD.
In η-form, hABCD is a general matrix, in the σQσ-form,
metric g(·, ·) is related to σ(·, ·) metric, emerging from a
set {σα}α of σ(·, ·) metrics through the combination of met-
rics on which generic transformations Q act, adapted to
chains of the same graph state Gn related by permuta-
tions. These chains are not distinguished in g(·, ·) metric
structure. (Symbolic expressions of σα in the second term
of (17) indicate in a generic way these metricized chains.)
In general Q, defined on a color base, corresponds to an
inversion of the graph dichromatic connection orientation,
acting here directly on the matrix hAB indexes (in this case
Q acts on the right terms) and we mainly consider chain
couples and their colors inversion using the z form.
The inner indices
General inner indices (x, y) can be as
{(x, y)} = {(a, b), (aA, bB), (aA, aB)}.
Within these different choices, from Eq. (13) and (14) we
obtain
σ-metric : σ = hABωABaAbB ≡ σa0b0a1b1 ; (18)
σ-metric − chain-form: σ = hABωABaAaB ≡ σa0a1 = σa0b0a1b1δab
σ-metric − string-form: σ¯ab ≡ hABωABab ;
and if ♦ηAB = hAB, then σ¯ab = σa0b0 = σa0b0a1b1δ01
(where (A, B) have values in (0, 1)). It is worth noting that
the particularizations presented in Eq. (18) refer to as-
sumptions on inner indices, and on the particular inner
space. These different cases turn equivalent only under
special assumptions. The indexes (aA, bB) and (aA, aB) carry
color base indexes, the inner and color spaces are conse-
quently attached to each other.
g−metric
Options {(x, y)} = {(a, b), (aA, bB), (aA, aB)}, present in σ-
metric are reflected and inherited by second level g−metric,
according to Eqs (13), (14) and Eq. (17). We note that
there is a clear formal analogy between σ(·, ·) metric of
g(·, ·) metric in η-form of Eqs (13), (14). Because of this,
we can understand, in this discussion, properties described
for σ(·, ·) metric holding, in form, also for g(·, ·) in η-form.
In general however, we can specify the indices introducing
notation gυυ′ , where υ ≡ (a0b0a1b1), notation (′) for the
second pair of indices would fit the σQσ-form with the z
form of Eq. (17), where υ and υ′ are related to a Q trans-
formation acting on the capital, (color) indices (Q acts
on hAB metric). Therefore with gυυ′ we mean this special
σQσ-form with the z case as the generic case where the
indices are {aA, bB, cC , dD}–i.e υ′ = (cC , dD). We consider dif-
ferent cases: a ”chain-form” gaAa′B = ga0a1a′0a′1 = gυυ′δ
a
bδ
a′
b′ cor-
responding to indexes (aA, aB) from Eq. (18). With partic-
ular assumptions on hAB, we obtain, ga0a1 = gυυ′ (δ
a
bδ
a′
b′ )(δ
0
1),
reducing to the string form gabcd = hABCDωABab ω
CD
cd and to
gabcd = hABQhCDωABab ωCDcd , depending on transformations
acting only on the color capital indices. We note that all
the variants can coincide, depending on assumptions on
the inner space of small indexes.
Inner indexes and the inner space definition
We can introduce a general quantity χ%A = (aA, bA) or
χ% = (a,b), where a = aAeˆA and similarly for b (eˆA refers to
the inner space-color space attribution). Then, the index
choice (18) can be reduced through an appropriate choice
of inner indexes, relating a to b indexes, and transforma-
tions on the colors ones, through assumptions on hkz ma-
trices and Q transformations. Mainly, we consider adapted
bases in (1 + 1)-models, where (a, b) ∈ {σ, τ} and the cap-
ital color indexes vary in (0, 1). Schematically, we set the
indices in accordance with (x, y) ≡ χ = (a, b), string form,
where in general χ ∈ Sa × Sb (Sx being index x definition
values space), and (x, y) = χ = (aA, bB) for the general case,
where aA ∈ SaA and bB ∈ SbB , and finally in the chain-form
with (x, y) = aυ where υ = (A, B). In Eqs (18) the inner
indexes could be independent from the colors indexes, as
in the string-choice, or also related to the color indexes.
(These different cases overlap and coincide in special cases.
In fact the indices a0, b0, a1, b1 are not fixed, in other words
the indexes aA can be as a0 ∈ Sa0 which may coincide with
one of the others, depending on the specific model and
inner space).
Inner indices in ω quantities
The inner indexes appear in ωA, ωAB and ωABCD quan-
tities in the different forms adopted in Eqs (13) and (14).
We explicit the role of the small, inner indices in quan-
tities ωAx and ω
AB
xy , by introducing new quantities associ-
ated to ωs, and associating the inner indexes to the ac-
tion of a derivative new operator (conceptually related to
D operator), acting on these new quantities and having
different interpretations according if acting on the quan-
tity related to ωA (for a vertex) or differently to ωAB (for
a connection). More specifically, there are ωABx and ω
AB
xy
as in Eqs (13) and (14), which coincide depending on
derivative definition. Introducing a quantity XA, with an
abuse of notation, we could write, ∂aXA ≡ XA,a ≡ ωAx ≡ ωA,x,
and analogously ∂xyXAB ≡ ∂xXA∂yXB ≡ ωABxy (construction
of ∂xXA∂yXB ≡ ωABxy implies the specification of the ac-
tion of the derivative in ωABxy ). These definitions are in-
herited in ωABCD from σ-metric as in Eq. (17). Quantities
ω should reflect the colored vertex order relation on the
colors indexes (therefore related to assumptions on h ma-
trix) and on the inner indices implying assumption on the
inner space. We mainly consider ωABxy with the assump-
tion that the derivative acts by taking differently into ac-
count the indices order, acting on the first or second vertex
of the chain polychromatic connection. This implies that
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this definition reflects the chromatic order relations of the
graph chain connection and thus considers the chromatic
symmetries of the chains. This construction clearly refers
to the situation where we take into account the inner in-
dexes reflecting the ðevents structures. (In this section we
use an approximation where we neglect the ðevents and
the metrics reduce to algebras relations. For example, con-
cluding this section, we discuss a simple doubled metric
model using the Q-transformations as color order inversion
to overcome these issues, evaluating loops, the monochro-
matic, symmetrical connections.
However, to explicitly consider the higher terms de-
rived from the polychromatic vertices, as raised from first
level ðevent and the (colors) symmetries describing ðevents,
we can define a quantity ∂x 7→ (∂x + N), considering con-
nections as new vertices, with the introduction of N term
we specify below). Therefore, considering σ(·, ·) and g(·, ·),
for the σ(·, ·) metric we could write σ(·, ·) = hABωABx or
σ(·, ·) = hABXA,xXB,y ≡ hABωABxy . For the g(·, ·) metric struc-
ture, considering the different forms, we can write
gaAbB ≡ hABCDωABaAbBωCDcCdD ≡ hABCDωAaAωBbBωCcCωDdD (19)
≡ ga0a1b0b1 = hˆaAbBcCdDωABωCD;
g = hACωAAaAbAω
CC
cCdC = gaAbB
(
δABδCD
)
;
g = hACωAAaA ω
CC
cC = ga0a1b0b1
(
δABδCD
) (
δabδcd
)
(20)
string-form-g¯ = hACωAaω
C
c = ga0a1b0b1
(
δABδCD
) (
δabδcd
)
δ01
chain-form-ga0a1b0b1
(
δABδCD
) (
δabδcd
)
δac = g = hACωAaAω
C
aC
(where g¯δac = gδ01) (21)
(we used the metric operator hˆxy ≡ ηAB∂x⊗∂y, and grouped
the colors indexes ωAA → ωA, Several assumptions on
color indexes in fact are equivalent to assumptions in the
symmetrical part of the matrix and quantities ω. Analo-
gously, for the induced, g-metric, considering Eqs (16) ,
for example we find gABCD = (h)xyzt∂xXA∂yXB∂zXC∂tXD =
(h)xyztωABxy ω
CD
zt where, eventually, (h)xyzt = (h)xyQ(h)zt, using
the Q-form for an induced metric.
Notes on σ(·, ·) and g(·, ·)metrics
Graphs chains metric notion, as in Eqs (20) and Eqs (18),
shows similarities in form as strings generalizations. Nev-
ertheless σ(·, ·) and g(·, ·) metrics result to be conceptually
very different. Metric σ(·, ·) can be considered a natural
graph metric adapted to the graph coloring for vertices de-
fined on a graph ordered realization. Metric σ(·, ·), acting
directly on vertices, compares different events, mixing the
event and basis indexes. On the other hand, g-metric can
be constructed using σ-metrics–see Eqs (17). Thus σ(·, ·)
metric as in Eq. (13) constructs vertex-”distances” with
elements with different color indexes. More specifically,
consider XA = {x, y} with ω00 ≡ dx ≡ x⊗ x for a base x, and
notation ⊗ denoting composition in metric, then metric
g(·, ·), in form Eq. (17)-z, could include term dxdy in con-
trast with σ(·, ·) where elements {x⊗y, dx ≡ x⊗ x, dy ≡ y⊗y}
can be considered. The term x ⊗ y is not defined in g(·, ·)
of last Eq. (17)-z, defined by connections and not ver-
tices. Note that if h is a diagonal matrix, then σ(·, ·) has
no x⊗y term. Metric g(·, ·), compares distances in events of
different algebras and event basis relating g-metric trans-
formations to events transformations. Metrics σ(·, ·) and
g(·, ·) differ also in the role of symmetries for directed col-
ored connections.
Transformations and symmetries
We can consider transformations on inner indexes and
transformations on colored indexes. These different trans-
formations can be related in some cases. [1]. We can also
introduce quantities Lσ and Lg, for σ and g metrics, re-
spectively, from contraction of Eqs (13)-(14) with a ma-
trix h\ or (h)[, where \ ∈ {A, B,C, ...} are colored indices,
and [ = {x, y, z, ...} are inner indices, assuming different
forms depending on the model chosen for the inner in-
dices and on the matrices symmetries. (Here we can take
advantage of the formal analogy between σ(·, ·) metric
of Eqs (13), (14), and g(·, ·) metric in η-form. We can
adopt a general matrix for the contraction as in L ≡
gABCDhABCD ≡ gABCDhABQhCD, and similarly for other cases
as Lg = hABωAAab ωBBcd (h)ab(h)cd, and transformations on these
indexes can be represented as graph vertex transforma-
tions as in L = hABΛACΛBDXC,cXD,dλcaλdb(h)ab, mixing inner and
colored indexes.
More generally we could in fact construct a ”Nambu–
Goto”-like action of the form S NG ∝
∫
(
√− det(h)xy)dΣ, or a
”Polyakov-like”action form S P ∝
∫ ( √− det(h)xyL − (p − 1)) dΣ,
as
(
L ≡ (h)xyηABωA,xωB,y
)
(where p is a term due to the di-
mensionality (1+p) of ”worldsheet area”–the inner space–
in the ”covariant Polyakov” action which we will here not
explore and we can consider p = 1. However here we do
not specify the ”worldsheet invariant area”
√− det(h)xy and
the proportional factor 23.
Concluding we note that graph Gn metric structures
is adapted to the each directed path Cm, which can be
considered closed or open, and grouped chains bundles
of Figs (1), and then considered after conformal trans-
formations. The Gn cluster substructure plays an impor-
tant role in σ-metric, in the ”inner” structure of XAB =
XAXB, being loop or connection where color inhomogene-
ity has to be considered through ðevents definitions, there-
fore as transformation on vertex index. (Vertices of the
first level graph are monochromatic, in different levels
there is an articulated structure due to the multiple chro-
maticity.) Aspects of this graph model, as the loops- and
connections sets after paths and states transitions, and
the generations of different ðevents levels (graphs), ap-
23 Note that string loops in space are due to closed bosonic
string, considering closed string theory compactified on a cir-
cle of radius R: X ≈ X + 2piR implying momentum is quantized
(string can wrap the circle: X(σ+2pi) = X(σ)+2piRw,w ∈ Z). This
(topological) notion of open or closed string must be trans-
lated into the definition of loop (closed chain) and connection
in graph representations. A further issue consists in the condi-
tions imposed for example for open strings (Lorentz invariance-
leading to Neumann or Dirichlet conditions). For closed string
we can parameterize the equation of motion (XA, hab): using
ξ± = (±)σ ± τ obtaining ∂+∂−XA = 0, ∂a(
√− det(h)(h)ab∂bXA) = 0
with a solution (with ”chirality”) XA = XAL (σ + τ) + X
A
R (σ − τ).
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proach some conceptual and formal aspects of supersym-
metric models–[1]. We can consider additional (anticom-
muting) terms in the ω quantities related to homogeneous
loops (with an internal symmetry linked to D group)
and the antisymmetric connections. Conveniently, speci-
fying the N object introduced above, we could use ∂aXA 7→(
δAC∂a + Θ
A
aC
)
XC ≡ Γwˆ AaC XC enclosing coupling terms, and
wˆ indicates the ðevents level (any higher levels ̂(w + 1) are
related to wˆ one), related to the vertices of a sequence
of derived graphs24. We stress here that in supersym-
metric models there are as many (physical) fermions as
(physical) bosons (in versions for each scalar X there is
a Majorana spinor–for example each of these fermions a
two-component Majorana, real spinors). Considering the
antisymmetric terms we could consider then S = L +
(h)ab∂aXM∂bXNΦMN (in string-like formulation ΦMN would
be formally an antisymmetric spin 2 tensor similarly to a
Neveu–Schwarz ”B”-field).
2.1 Exploring symmetries in graph metric structures
Metric structures σ(·, ·) and g(·, ·) reflect differently the
chromatic (and in some cases algebraic) symmetries of the
graph chain realizations discussed in Sec. (1.1.1). Color
symmetries interest colored graph vertexes and polychro-
matic clusters, and they are mirrored in the graph metrics
playing, eventually, a role in the dynamical graph. Metric
structure g(·, ·) does not distinguish chains related by a set
of Q transformations as in Eqs (17). In the example ex-
plored in this section, we consider Q as chromatic inversion
in the ordered graph. On the other hand, it is clear that
generalized permutations reflect on the metric as the con-
formal graph expansion (following conformal metric trans-
formations25). To discuss some aspects on algebra and col-
ors chains symmetries in metric structures we adopt here
24 Thus, there is Γwˆ AaC Γ
kˆ B
bD X
CXD = ∂aXA∂bXB +Θwˆ AaC Θ
kˆ B
bD X
CXD +
[∂aXA.Θkˆ BbD X
D + Θwˆ AaC X
C∂bXB] =
∑wmax(m)
w=0 wˆ∂awX
Aw∂bwX
Bw +
[coupling]. Note there are no terms ∂awX
Aw∂bw′ X
Bw′ in the
sum (w′ , w). In strings theory models we could use light-
like gauge for the inner indices, then L = ηMN∂−Xm∂+XN +
{(d1α)∂+θ1α + (d2α)∂−θ2α} containing additional terms. Eventu-
ally using ΠMα = ∂aX
M + ΘMa with L ≈ habηMNΠMa ΠNb + LWZ ,
where LWZ a typical Wess-Zumino-Novikov-Witten like term
(with ΘMa = −iθ¯AΓM∂aθA).
25 The issue of a metric structure definition for the different
scales events graph crosses the problem of a topological space
definition (which also underlines a differential structure). To
some extents we can say that each metric space is a topo-
logical space, and we could by far generalize saying that every
metric space is a Hausdorff (T2) space, implying a strong focus
on the separation axioms, here somehow addressed introducing
colored vertices clusters and clusters bundles. (Broadening the
discussion, in this event definition (more close to Parmenide’s
frame) leading to somehow degenerate metrics , the identity of
indiscernibles is not guaranteed in an immediate way). How-
ever, metric graph is well studied concept also on latex-graph,
and various notions of metric in the quantum setups are con-
sidered
a simplified model for the graph metrics considering only
the loops. In this way we also point out some relations
between the σ(·, ·) and g(·, ·) metric levels. To simplify our
discussion we have chosen the chain-form introduced in
Eq. (18) and Eq. (21), considering hAB ≡ ηAB = diag{1,−1}.
In first approximation the metric could be expressed into
colored vertex algebras relations, by introducing a graph
vertices metric and vertex norm, with a (natural) metric
element adapted to the graph coloring and related with
the vertex algebra –[1]. A minimal (not-null) norm is as-
sumed associated to the ordinary events |e0〉 ∈ A0 (and
”minimal” distance de01 between two adjacent vertices of
the minimum A0 ber). A ber can be of local (related to a
embedded sub-graph concept)A0 minimum algebra 26–[1].
Conveniently, in this simplified framework the sequences
and chains homogeneity conditions can be reduced to a
metric condition, through an analysis of algebra relations
where metrics provide a definition of and a criterion to
establish the algebra homogeneity. (A chain can be inho-
mogeneous respect to the ber assumed homogenous, in
this case the metric could be ”evolved” considering action
of evolution D on its elements[1]). Exploiting, with Q ap-
plications, the colors symmetries for the directed connec-
tions, we consider on similar levels in the metrics, connec-
tions (ci j, c ji = −ci j) and loops (cii, c j j) (color index i, j).
We discuss these aspects in details for the combinatorial
graph in [1] with a graph G characterized by a base of r
colors, having therefore a total number of r2 distinct kinds
of connections (r loops plus r(r − 1) connections) and one
ber. In these approximations we discuss the σ(·, ·) and
g(·, ·) transformations. Using explicitly the notion of alge-
bra ` of a loop ` on a graph G vertex, we compare graphs
algebras and structures. We consider here a 1 + 1 dimen-
sional framework a ber-bem couple, including an emerging
ordinary algebra associated to an emerging base: by con-
sidering metrics transformations a new ber is related to
a derived colored base. Two main approaches can be ex-
plored, depending to the decomposition base, the algebra
relations and the polychromatic order. We start by consid-
ering σ(·, ·) in chain form with hAB = ηAB and using the sim-
plified notation ωxx ≡ dx for the base x. We explored, for
the directed graphs, the quantities dxmn(oϑ) = ±ϑx dtmn(oT )
for the elements of ξ ≡ \(]dxmn, dtmn) with ((\, ]) = ±),
where ϑ = ±1 and (ϑ = {x, t}), for (θ,−θ) respectively,
being θ ≡ (cmn,±cmn), notation L is for the ordinary al-
gebra A0. We mainly adopt inner bases with ϑ = t and
ϑ = −1. A relevant quantity within this choice of signs
is Γ ≡ 1(−ax − 2−aL ), where (1, 2) = ±1 and a = 1(2)
for σ(·, ·)(g(·, ·)), expressing the graph inhomogeneity and
symmetries of σ(·, ·) and g(·, ·) metrics–[1]. In [1] we also
26 A colored G graph has a structure composed by loops and
ðevents, from these a new ðG level is generated with a related
derived metric structure. As a first approximation and to fix the
ideas, the actual distance notion for connection is not specified.
In complexity models distance definition is differently provided
and widely debated. This depends from the emerging spinorial
structure. In this sense (σ(·, ·), g(·, ·)) are to be considered ap-
proximations of more complex metrics including greater levels
ðG.
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consider ϑ = +1 adapted for the description of the graph
realizations properties related to the colors probability dis-
tribution.
From σ-metric to g-metric
A g-metric transformation can be reduced to σ-metrics
transformation and these to a part of the graph (algebra)
conformal transformations (and generalized permutations
on vertexes). By using Eq. (17)-z as decompositions in σ-
metric, a graph with a general colored Ax algebra is com-
pared with a A0-graph which can be considered an em-
bedding (cell) graph, since the graph with x algebra can
be seen an immersed graph or an overlapped coloring, of
the original, embedding, graph. To enlighten this situation
and the colored graphs symmetries we can write the σ(·, ·)
metrics as follows: σ− (x) : σ

− (L) = σ

− ◦ y(L) ≡ Γ↑−, where
arrows indicate the connections cmn sign (fixing quantity
ξ), subscript (±) refers to the connections sign relation for
the directed graph XA ≡ (x, y) colors bases. Then metric
σ− (x), for a x-base graph with algebra x > L, can be
written as the combination of a x-base metric σ− (L), with
ordinary algebra (L), and σ− ◦ y(L) in for a A0 graph in
a fictions derived y-base. Transformations Q as colors in-
version P and T for the color base (x, t) respectively relate
g(·, ·) and σ(·, ·) graph metrics and, consequently, graphs
endowed with ordinary A0-algebra base to a general Ax-
algebra one. Metrics σ(·, ·) and g(·, ·) transform differently
for Q-applications, involving differently colored connec-
tions symmetries for the directed-antisymmetric graph con-
nections. GeneralAx algebra metric can be related to min-
imal A0 metrics composition describing σ-to-g transfor-
mations for a A0 graph and for a Ax graph as follows
(T − 1)[σ− − σ− ◦ y](L) = 0, (22)
σ− (x) =
(T + 1)[σ− − σ− ◦ y](L)
2
=
(1 − P)σ− (L)
2
− dtX ,
(T − P − 2)σ− (L)
4
=
dt
L .
g− (L) = σ

+ (L)Tσ

+ (L) = σ

− (L)Tσ

− (L),
σ− (L)T
2nP2k+1σ− (L) = −g− (L) = 0,
σ− (L)T
2n+1P2kσ− (L) = g

− (L) = 0,
(k, n ∈ N, and action of Q follows associative and dis-
tributive property on the elements on which it applies).
Metrics σ(·, ·) and g(·, ·) transformations by the chromatic
inversions Q ∈ {T, P}, differ for a graph with Ax algebra or
the minimalA0 algebra. On this ground, we introduce con-
cepts of local ordinary algebras in metric frame, immersion
graph emergence. The g-metric emerges from σ-metric as
in Eq. (17) with Q applications, differently for g ◦ x(L)-
metrics or general algebra. The chain inhomogeneity (i.e.
Γs introduction, also defined for graph conformal trans-
formations) affects both symmetries and algebras Ax and
A0 relations. No inhomogeneity can be introduced for a
metric related to A0 algebra (graph). Therefore the A0 σ-
metrics, related by Q-applications, are equivalent i.e. they
describe the same graph structure (connection ci j = −c ji,
ðevents distribution...). This property characterizes the
metric structures adapted to the colored graphs with col-
ored A0 algebra (maximally decomposed Cmax chains).
Metric g(·, ·) and Ax-graphs do not capture many of the
graph structure properties, even for A0 maximally de-
composed sequence level, which are instead considered in
σ-decompositions [1]. The properties appear in the σ(L)-
decompositions as ”degeneracies”(a set of σ-metrics corre-
spond to a colored adapted g-metric). The inhomogeneity
Γ-terms introduction destroys part of these symmetries.
Similarly, however, it should be noted that the graph in-
homogeneity, generated by the colors, is reflected by com-
bining the x and (colored adapted) y bases, with an A0
graph. This fact, together with the Γ definitions leads,
by enucleating the “ordinary algebra part” of the σ(·, ·) or
g(·, ·)-metrics, to define a“local”A0–[1]. Eventually σ◦y(L)
becomes the metric with an ordinary algebra (L) in the
colored adapted y-base, implementing the concept of local
algebra of a colored graph (σ ◦ y(L) = 0 and respectively
g◦y(L)=0). The inhomogeneity term becomes characteris-
tic of the graph coloration or the graph path. We consider
the ordinary A0(y) algebra, decomposed in A0(x) as the
local algebra of the embedded graph in the embedding x
basis graph. Metric σ ◦ y(L) = 0 in the adapted base, indi-
cates that if the graph is assumed as embedding, any other
”immersed” graph has to have algebra to be compared
with the local graph algebra which is actually the local
minimum algebra. In [1] we explore also a particle/graph
relation where to each embedding graph we can associate
a particle/event with an algebra x = ˜L (model scales
emergence). (The g-metric graph with ordinary local base
with deformed ˜L could be represented as a particle with
an inertia immersed27 in a g◦y(L) graph with ordinary al-
gebra within therefore the particle-graph equivalence, we
can introduce an S (action) quantity and inertia). The
g(·, ·)-metric decomposition reflects in the ðevents struc-
ture, where emerging element dy represents a measure of
graph homogeneity together with Γs.
Metric structures, transformations and symmetries We
end this section with further notes on metric graph trans-
formations, already partially addressed concluding the Sec. (2)
with the introduction of the quantities Lσ and Lg. Then,
considering metric σ(·, ·) and g(·, ·) transformations, we
can look for matrices, Λ and λ, in colors and inner bases
respectively, considering three possible cases: (1) dσ˜ =
ηA
′B′ΛAA′Λ
B
B′λ
a
a′λ
b
b′ x
a′
A x
b′
B = dσ; (2) dσ˜ = η
A′B′ΛAA′Λ
B
B′ xAxB =
dσ, or (3) dσ˜ = ηABλaa′λ
b
b′ x
a′
A x
b′
B = dσ and similarly for
g(·, ·)−metric (where it can also be Λ = Λ(λ), it is clear
that an analogue problem can be addressed for the in-
duced metric in Eqs (17) and on the other hand, we ex-
plore the conditions for the three cases coincide). Met-
27 For a g-metric a definition of loop area can be as A = piR2 =
pi˜L2 = piL2ωxx/ωtt, where R is a loop radius definition and
µ2 = σTσ/dt2 = −(ω2L − 2x)/(ω2L2x) ∈ [0,−2L ] can be defined as
the square of loop inertia, ωxx is a conformal factor of decom-
position of a color base in the reference one. We provided dif-
ferent definitions of maximum distances in the graph: for two
vertices afferent to equal color probability p there is m(1 − 2p)
or, depending on boundary vertices in the loops, m(1 − p) + 1
(these quantities are evaluated on a lattice graph mode). These
definitions, which can be interpreted in the graph/particle cor-
respondence, can be re-scaled for m, as quantities independent
from m for large conformal expansions.
20 D. Pugliese: Graph model overview, events scales structure and chains of events.
ric transformations are connected with the spherical wave
transformations (the conformal group includes the sub-
groups of Lorentz and the Poincare group and the La-
guerre group, while Cayley’s group theorem ensures a con-
nection with the symmetric group). The associated sym-
metries can be explored by considering the permutation
group action (and Cayley group)–[1]. We can write metric
transformations from the graphs colored structure, using
the notation ωAA = dx for the color base x and dei j ≡
ei ⊗ ek, for an ordinary bases with inner indexes (i, j, ...),
(η = diag{1,−1}), we used also notation ⊗ for the base
composition, thus σ ≡ σi jdxi j ≡ ηABGi jABdei j. Matrix σik
arises as ηab deformation through the x-basis events de-
composition in one only ber ei, with coefficients e Gi jAB ≡
[(xA)i(xB) j] as ”soldiering objects”, thus reducing the bases
indexes into event indexes (the relation between base-
vertex indices does not automatically translate into an
“up-to-down” index correspondence, as it is not meant as
a change between the adapted bases, a bem into a ber).
Thus, for the g-metric, we find g− (x) = gslmn(i j)(i j)desldemn =
ηABTηCD(xAi )
m(xBj )
n(xCi )
s(xDj )
kdemndesk ≡ (σsl(i j)Tσmn(i j))desldemn =
−
(
−2L − −2x
)
dt2 ≡ −
(
ti jdei j
)2 ≡ ds− ds+ ≡ − (si jdei j)2, or
ds2 = ηabGaamnGBBlk demndelk ≡ gmnlkdemndelk. Doubled notation
in round brackets (i j)(i j) clarifies the origin of the double
terms with inner indices. We used the arrow-sign conven-
tion in Eq. (22), introducing the emergent base s (cor-
respondent ”light-cone frame”) decomposed in ber. Met-
ric deformation reduced to graph vertexes deformations.
(However, metric deformations are also written metric op-
erator deformations, since the graph vertexes-evolutive op-
erator (graph edges) correspondence considered in Sec. (1.1)
28.
3 Concluding remarks
We considered a polychromatic multi-scales graph model
with conformal graph expansion defining the graph states.
28 The correspondence between Qi j matrix and metric σ(·, ·)
and g(·, ·) implies particularly that Qi j constraints (derived from
a minimal algebra assumptionA0) are inherited at metric levels
as metric constraints. Recalling that Qi j elements are events
with indexes referring to chain ber events and bem, we adopt
the following compact representation: QA ≡ (Q•?,Q∗•?), dσ =
[1 ⊗ (1 ×D)]Q•? − [1 ⊗ (1 ×D)∗]Q∗•? = QAηˆABQB, ηˆAB = diag{⊗(1 ×
D),− ⊗ (1 ×D)∗},(Dn × 1) ⊗ (1 × 1)Q00 = (Dn ⊗ 1) × (1 ⊗ 1)Q00 =
dQ(n0)(00), (Dn × 1)∗ ⊗ (1 × 1)Q00 = [(Dn ⊗ 1) × (1 ⊗ 1)]∗Q00 =
dQ(00)(n0) = dQ∗(n0)(00) metric ηab (actually σz = σ3 Pauli matrix in
two dimensions corresponding to a bem-ber bases) replaces δi j
in Eq. (12), and ⊗ the composition × implementing thus a path
“metricization”. Note that we exchanged symbols × and ⊗, we
used in this section, indifferently D⊗1(=)1⊗D, we will include
signs associated to differently colored edges (algebraic valence)
and related to the symmetries-role in the colored metric graph,
and ðevents in the (σ(·, ·), g(·, ·)) metrics. Metric transformations
are related to Qi j transformations QhkS hi S kj = Q˜i j. Constraints
imposed on the matrix Qin in Eq. (12) translate into metric
constraints .
Growing of events (vertices) for conformal expansion leads
to the self-similar graph states notion, defining graph scales
and events clusterings (structure). Different events are de-
fined depending on the polychromatic clusterings of ver-
tices. Parts of the graph can be coupled and used differ-
ently in an approach with not-classical color probability.
A loop can be seen as a structured subgraph with the
limiting case of a minimal A0 algebra. We explored the
effects of graph conformal expansion, with bubbles of clus-
tered events growing and transmitting information (graph
structure), and the persistence of the graph seed after con-
formal transformation and the emergence of a new rela-
tional (polychromatic) graph structure. The new events
relational structure emerges from the conformal graph ex-
pansion governed by the fixed (classical) colors probabil-
ity distribution on graph. Lower graph states (scales) ad-
mit fluctuations, understood as variation of algebra dis-
tribution (algebra and color inhomogeneity in the adja-
cent chain vertexes). The vertices are propagated (in sense
of conformal expansion) with emergence of new events
and symmetries, where the conformal expansion preserves
the graph seed structure (information), creates isomorphic
parts of the expanded graph and new events governed by
the probability distribution. The presence of a maximum
in the probability distribution is important in determining
the graph vertex loop, the presence of a maximum of se-
quences Smax and chain Cmax , and the ðevents emergence
and effects of conformal transformation on graph struc-
ture. We also analyzed the special case of an equiprob-
able graph. The (manifold decomposed in a) graph has
therefore different scale structures29. Conformal transfor-
mation is connected to minimum not-zero event algebra
as minimum limit to the (spacetime texture and) event
definitions. The graph is conformally expanding with new
events, replicas of its structures and new structures. At
certain scales, the (manifold-)graph can be treated as a
collection of interacting graphs, the most simple interac-
tion to consider could be the case of graph Gi immersed
in a graph environment being then a sub-structure of the
super-graph. Geometro-genesis could come as an asymp-
totic re-stitching of the previously dismantled (logic sig-
nal) spacetime structure, producing a metric dynamical
structure: the crystallization phase, typical of ”dynamic
approaches” as QFT, expects a restitching of the graph
29 The framework we consider here is mainly a relational
frame, where a topology definition is a particular relevant is-
sue. Metric space, as a topological space, requires a notion of
separability, grounding also a differential structure. Thus, a
topological notion, in our context, is grounded on considera-
tions on symmetric and reflexivity relation given through the
chromatic clustering of vertices/events in the graph, with con-
formal transformations and definition of different realizations,
grouping together all the ordered connections, preserving the
graph self-similarity and generation of new structure. It this
scenario in fact we remain with a conformal geometry and not
properly a metric geometry. A further aspect of this frame is
the existence of an ordinary algebra constraining the graph
vertex relations (with a somehow degenerate metric notion).
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constituents to a smooth (in some way rigid) background
spacetime.
This polychromatic graph model is characterized by
the idea of an overlapping of metric and (dynamical) col-
ored graph, the use of two metric levels and symmetries
role, including multiple events definitions, macroevents
related to loops, and the definition of multiple levels of
events at every scale consequent to linking the events emer-
gence to color exchange which implies also the elaboration
of more structured levels of events where metric struc-
tures can be defined according to these. Color change in
the sense of inhomogeneity is the essential process defin-
ing the events. (A color and algebra change, with respect
to ber, is associated to an event emergence, ”if there is
no change there is no clock”, conformal transformations
are adapted to this situation). Sec. (2) and particularly
Sec. (2.1) explores some features of the graph in an illus-
trative approach, considering several approximations.
We investigated the persistence of isomorphic parts
of the graph under conformal expansions, detailed in [1],
where we also introduce new (existential quantifications)
operator. We include here a brief outline of these aspects,
which are deepened in [1], emphasizing some conceptual
features of the graph and anticipating further develop-
ments of this model. ”Negation” operator, related to the
complementary chains, increases the graphs state possibil-
ities and therefore the associated metric structures. The
inclusion of new existential operators increases in graphs
states possibility in the logic signal representations of chains30–
30 The model is based on a strong ”logic” frame typically of
it-from-bit approaches. (The introduction of ∃ and 6∃ operators,
in the logic signal formulations, refers to the view of gravity as
a manifestation of the ”existence” in the sense of [7,8]. The for-
malization of this general assertion (existence role) is connected
to events definition (related, more precisely, to antisymmetric
relation), then gravity must emerge as a phenomenon related
to graph events.) Graph composite states, considering combi-
nations of vertices clusters, change the concept of probabilities
used here (eventually to explore from pure to mixed states in
the quantum approach). Generally, we can consider chain is a
collection of (homogenized) connections ci j, and we use mainly
a 2-level logic signal representation with a set of (color inde-
pendent) events of reference chain, as doublets {(0, 1), (1, 0)}.
We introduce therefore ∃ and 6∃, and negation 6Q-operators on
a quantity Q (in a graph diagram constructed in [1] there are
doubled regions, I and Re), where vertices can be defined intro-
ducing a further possible definition). Introduction of ( 6Q,∃, 6∃) al-
lows to expand and enhance the events interaction possibilities
by combining different possible realizations. In general, for two
events Q , P, there are four states (∃Q,∃6P, 6∃6P, 6∃6Q). These are used
from a transition from P -to- P (loop), and from-P-to-Q. (Events
quadruplets and quadruplet transitions can be formed from
doublets as follows: (i) (Q) = (∃Q, 6∃6Q) ≡ (6P) = (∃6Q,∃P), and similarly
for (P)(6Q); (ii)Secondly there is ∃Q = (∃Q,∃6P), or non-existence
6∃P = (6∃P, 6∃6Q). (iii) Finally, we can consider ”values-couples” as
(∃Q, 6∃6Q), and (∃P, 6∃6P). Within the correspondences [6∃6|a〉 
 ∃ |a〉]
and [∃6|a〉 
 6∃ |a〉], with the operator / : / · (∃ |a〉) = 6∃6|a〉, we
obtain 2D[(D2n∃ |a〉)(2n)−1] = (1 + /)D∃ |a〉. (We remind that,
according to Eq. (1) the application on vertex of Dκ corre-
spond to κ + 1 vertices). The introduction of these operators
[1]. In this transcription of the graph realizations where,
for example, a bichromatic graph chain is a 4-levels (from
2-levels) logic signal the introduction of a pair of (existen-
tial) operators takes into account the fact that the graph,
considering its chain structure, is not complete and, there-
fore reduces the graph structure to a ”chains overlapping”
(there is an algebraic valence (±1, 0)) considering a per-
sistence of each realization in the graph state, increasing
therefore the logical levels. The graph frame opens up a se-
rie of possibilities to be discerned concerning the role of the
two metric levels, the ”lower-level”σ-metric or the ”higher”
level g-metric depending also on the emergence of differ-
ent symmetries, the spinorial structure (eventually defined
for the polychromatic structure) and the choices on the
index composition in the explicit chains metrics approach
addressed in Sec. (2). For a general metric graph there is
currently no indication on a metric level prevalence choice.
A further aspect to be explored is the ðG role in the metric
approach and the coupling terms ΘAaB, which we visualized
here in a possible supersymmetric model and more gener-
ally at the core of the spinorial structure analysis through
vertexes clusterization (which is also related to the from
multi-bit to multi-quibit frame transition). It should be
pointed out then a quibit-related spacetime texture might
be associated to the topological structure following the
notion of spacetime and quantum complexity and particu-
larly Black Hole (BH) complexity31. One crucial aspect of
are linked to the generation of the complementary chains for
r+r monochromatic chains model. The introduction of quadru-
plets also enlarges the order relations provided by the evolu-
tion operator. The following relations can be then considered:
Dn∃ |a〉 = n∑
k=0
(
n
k
)
6∃k 6|a〉n with k ≥ 1 and (1 + /)Dn∃ |a〉 = n∑
k=0
(
n
k
)
(1 +
/) 6∃k 6|a〉n−k = n∑
k=0
(
n
k
) [
6∃k 6|a〉n−k + 6∃k+1 6|a〉n−k+1
]
and we can introduce
θ2n ≡
[
D2n − (2n)−1
]
, with θ2n |0〉 = D
[
D2n − (2n + 1)−1
]
|0〉 = 0 and
Dθ2n |a〉 = −(2n(2n+1))−1D |a〉. (in some ways we can say that in
these relations Dn acts so to “retain memory”). Last relation is
on chains with periodic boundary conditions on value a, step
2n and D |a〉 = 6a, thus we write [D, θ2n + (2n(2n + 1))−1] = 0 and
[θ2n,D] = +(2n(2n + 1))−1D. With the new operators, framed in
the polychromatic or monochromatic r+r chains, we would have
a replica or negative copy respectively of the states of the poly-
chromatic/monochrome graph (in the DNA-graph-code figure
they would really be as specular graph filaments). Introduction
of (Re, Im) planes accounts for states persistence, considering 6G
or 6S elements.
31 Graph entropy has been related to graph energy, in the
graph–particle equivalence introduced briefly in Sec. (2.1) for
the embedded graph in an embedding graph with different lo-
cal bases and maximum (and minimum) entropy. Entropy is
upper bounded by the area in the sense that entropy is related
to geometry and, on the other hand, energy is related to ge-
ometry, there is a connection between entropy and gravity. In
fact, concerning, eventually, the emergence of an Hilbert space
we should consider that the maximum entropy reachable in a
region of a space appears to be in fact the BH entropy which
we may correspond to the Hilbert space dimensionality , i.e.
the entropy ≈ eS where S is the BH entropy, which is therefore
importantly finite in every manifold region.
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approaches considering collection of qubits as fundamental
languages consists in the determination of the quibit (and
multibit) organizations and representation32. The second
crucial aspect would be thee dimensionality of the asso-
ciated Hilbert space (for a space of states of n qubits,
the relative Hilbert space has dimensionality 2n, number
n would be associated to order the BH entropy analogously
to the classical entropy for a system defined by 2n degrees
of freedom). Concerning the relation with spin network, in
the approach considered here we would have, for example,
a SU(2)n for a bichromatic (r=2) graph of state Gn (not
related to valence). More generally addressing the colored
graph and particularly the conformal transformations, it
is clear then that one could think to express states as rep-
resentations of SU(r)n (or a reduced SU(r)mˇ with mˇ < m).
The basis states are the 2n chains of n-events and an over-
lapping of these. In here we could eventually interpret the
graph realizations in terms of quantum bits (qubits) or
more precisely r-levels n-multibits (to be multiqubit) for
a complete sequence of graph state Gn with r colors33.
In this article the graph and the general ideas under-
ling the model are discussed, while in the future investi-
gation using the logic signal formalism we study the dy-
32 Gravity has been variously related to a (”statistical”) com-
plexity grown where, in these approaches, complexity definition
stands as one key issue. Complexity geometry, for example [18],
defines the computational complexity within differential geom-
etry formalism with a notion of complexity distance, which
can be considered in some ways more refined then metric on
quantum states provided by the inner-product distance (a large
inner product meaning close states, with a supremum distance
in the orthogonal state case). So called ”gate complexity” cor-
responds to the number of primitive gates in the smallest path
(quantum circuit) that leads to the two states transformation
with non null tolerance  to reach the target (while the length of
the shortest path between state gives the computational com-
plexity). One key issue however of this frame is the rapidity
or, more generally, how in the computational complexity the
time-evolution operator evolves, and this is relevant in BH com-
plexity too. A BH could be modeled by m qubits with a BH
complexity of unitary evolution operator linearly growing (a
conjecture) with time exponential in m. Therefore 2m qubits
maximally entangled state can be written as a product of 2m
Bell states. In general the considered unitary group is SU(2m)
for m qubits with a complete basis provided by 22m − 1 gener-
alized Pauli matrices (thus for 1 qubit the base is the 3 Pauli
matrices plus the identity), and they possibly correspond to el-
ements of the graph. Notably, as mentioned above the quantum
complexity for a system of m qubits is similar to the entropy
of a classical system with 2m degrees of freedom. The systems
is a set of m classical bits, m binary digits string (element of
space state here a chain graph).
33 A physical qubit is a quantum system with dimension two,
then a classical bit–i.e. two distinguishable states or a bichro-
matic graph with r = 2– can be embedded into a qubit with
corresponding classical probabilities appearing along the diago-
nal of the density matrix, of course off-diagonal elements in the
density matrix shall remain, here rendered through combina-
tion/organization of different states through conformal trans-
formation). The dimensionality of the Hilbert space for a sys-
tem of n qubits grows as 2n or a reduced 2mˇ
namic graph addressing the role of higher level events by
exploring the spinorial texture emerging from the graph
poly-chromaticity, considering again the graph-particles
formalism of Sec. (2.1)
In conclusion we can distinguish in this model the fol-
lowing three main aspects: 1. the multiple events defini-
tions, defined as macro-events or loops (monochromatic
clusterings of graph vertices) or polychromatic cluster-
ing and ðevents (events are intrinsically related to con-
cept of color change) conceptually identical to event-loops
at any scale. 2. A second characterizing factor is the ad-
mission that gravity interests the existence, (substantial-
ism and universalism) in the sense [7,8], hence a geomet-
ric (relational) description of gravity. 3. The conformal
expansion and the isomorphism of graph parts, defining
the events scales structures, constitute a third relevant
element34. As in different approaches, the prevalence of
event/existence concept leads the distance between mat-
ter and spacetime to disappear in a graph model in the
34 Spacetime manifold is dissolved into more fundamental el-
ements and structures, the graph vertices (events) and their
relations (polychromatic connections), which are set concep-
tually in our frame on the same level of vertices/events by
introducing concept of ðevents. This setup addresses therefore
also the issue of event definition. Different events definitions,
emerging geometry, gravity and notion of ”existence”–[7,8]–are
in the same graph frame. Minimal distance is translated in
logic terms, G inertia is related to existence of local algebra.
The gravity ”universality”, in the general relativistic transcrip-
tion as a geometric spacetime, is formally understood as logic
entity made of events and a property relative to existence–
[7,8], where an event (in this view as an ”existence atom”)
could be a point in a spacetime transcription. In the graph
model, a loop could be seen a conformal expanded point (re-
ported to special relativistic frame we could think to light-like
distances as closest picture of graph conformal event/vertex
expansion). Conformal transformation in this sense turns to
be a gravity intrinsic property. This aspect is at base of the
scale introduction and re-scaling after a conformal expansion,
graph self-similarity and generation of new structure. Event is
defined as objects interaction, gravity is then doubly related
to events and their relations. Observations are interpreted as
a set of (related) events, determined by the observer (base),
transcripted as logic signal in a graph, where the order rela-
tion is defined by its poly-chromaticity. At certain scales we
break the (classic) logic signal order, considering the combina-
torial graph to construct the realizations. The clusterization is
then determined by the dynamics (in this context, considering
also notion of graph embedding as a sort of spacetime cell, as in
µmatter there is not distinction between matter and geometry
concepts). On the other hand, entropy is naturally related to
geometry and here, through graph poly-chromaticity, entropy
connects more events levels. The gap in colors probability dis-
tributions regulates the inhomogenity and the persistence loops
(as in Sec. (1.1.1) and Sec. (1.1.2) in the chains C, the max-
imum probability color regulates the monochromatic clusters,
while at the other extreme case the equiprobable cases admit
a local, in the sense of graph scale, inhomogenity in colors.
In the equiprobable graph at certain scales there are fluctua-
tions of clusters with respect to the homogeneous minimum or
maximum chains.
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sense of µmatter of QFT conceiving an embedded graphs
represented with the figurative idea of spacetime cell and
DNA for the graph and graph structures, (a collateral con-
sequence of relationalism and the logic approaches of these
frames, yet decoration, graph coloring, is not dissocia-
ble from such“spacetime-DNA”containing the instruction
and the information–manifold substantialism)–[7]. Graph
state or graph realizations have, at any state, embed-
ded replicas as graph Gn “seed-genetic-code” of the events
structure reproducing at any state transitions. Following a
similar idea then, a graph Gm contains, at inferior scale, as
its substructure a disjoint collection of different Gn graph
seeds, as Gn clusters. We might use the figurative image
of a ”geometric code” as a kind of “spacetime-DNA”, to
express the graph and its properties (within this picture,
we might say that this investigation is more a proposal
description of the “spacetime-phenotype” rather than the
“spacetime genotype” of such geometric code). A“space-
time genetics” would come here from the observations on
the hereditary characteristics. In this model, considering
this analogy, we may deal similarly with inheritance (repli-
cas of the original seed graph) and graph (geometric code)
modifications. The possibility of describing, and eventu-
ally manipulating, such spacetime geometric code would
appear to be an intriguing applicative prospect, as a“space-
time engineering” starting as theory of transmission and
coding of information.
A Some notes on logic nature of spacetime
notions in graphs and relativity
The polychromatic graph of events is framed as back-
ground independent, spacetime emergent model close to
it-from bit ideas, where the geometrization of gravity is
passed in a logicization of it. We can then retrace a logic
nature for general concepts of time and space notion in
the graph, which are closed here by the colors order re-
lation, the events decomposition and composition in sum
Σ and product Π in Sec. (1.1), related to shift D∗ evolu-
tion D operators respectively, and correspondingly clus-
tered in sequences S and chains C of Sec. (1.1.1) . Mini-
mal (non-zero) algebraA0 (formalized by the introduction
of logical quantifiers) grounds the graph spacetime tex-
ture (related to relativistic light-like distances, rephrasing
graph conformal transformations), determines the vertex
(cluster) algebra and loop radius and constrains the parti-
cle/graph inertia and the logic signal wavelength. As dis-
cussed in Sec. (1.1) a body (event-graph), associated to
a logic signal, is decomposed (decoded) in the polychro-
matic graph, and viceversa a set of events (bodies) are
composed in one object (graph realizations as in sums, se-
quences S) at any scale, and decomposed in the polychro-
matic graphs-clusters. Realizations and states construc-
tions are regulated by colors probabilities. In the equiprob-
able case, local (colors-algebras) fluctuations, in the sense
of Sec.(1.1.2), could be observed. The presence of a maxi-
mum of the color probability is a further relevant case (the
color associated to the maximum of probability is consid-
ered as a color loop ”attractor”, governing the color perma-
nence and heritage in states and their realizations). Thus
generalized permutations and algebra homogenization, in-
vestigated in Sec.(1.1.2) are rendered as metric transfor-
mations in the approximation of Sec.(2) and are frequency
and phase transformations of the associated logic signals.
In [1] we recovered the (homogeneous) Lorentz group as al-
gebras transformations, in terms of  with  = {±1,±2} for
a σ metric ( = ±1) or g-metric ( = ±2), function of the
logic signal wavelength. Thus, within the particle/graph
relation the corresponding equations of motion relate met-
ric graph bases. In this sense the correspondent relativistic
frame is a theory of (minimum) information, where as in
Eq. (2) and (3) (graph-state) entropy is indeed related to
L. The equivalence in Eq. (1), ΠΣ–equivalence, provides
insight on the notion of body and evolution. To enlighten
conceptually this fact in [1] we used an events composi-
tion/clusterization operator, acting on a set {ai} of events
fˆ : {ai} 7→ Σiai = a composing in sum and in product
the event a and decomposition gˆ : b 7→ {b j} = Σ jb j with
compositions Hˆ = fˆ gˆ and inverse H−1 = gˆ fˆ . Action of fˆ
and gˆ, in the logic signal formalism can be interpreted
as wavelength shift (read, in the metric approach, as a
”graph Doppler-effect”). In this context the meaning of
the ΠΣ–equivalence, interesting the graph the structure
in monochromatic or polychromatic loop, may reveal of
a far reach significance. Evolution of body (the chain C)
corresponds to the object set (the sequence S) defined
by the body evolution. Properties of sequences or body
chain evolution (elements of dynamic graph) are similarly
related. The ΠΣ–equivalence refers to the chain/sequence
relations, thusD andD∗ action that can be followed along
the column and rows of Qi j of Eq. (11,12)35. We can think,
two bodies/graphs Gi = {sai }a and G j = {saj }a are composed
into in G(i j) = Gi ∪ G j = {sa(i j)}a, and decomposing an asso-
ciated logic signal. We consider the evolution of a body in
the sense of D application G ≡ ∑κn=0DGn = ∑κn=0Dn+1G0,
applying Eq. (1) (note the existence of operators decom-
position mirroring the events decompositions as discussed
in Sec. (1.1)). The evolution leads to graph states with
graphs (sphere) radius regulated by L which regulates
and establishes the irreversibility of the process (in the
sense of chains symmetries), the conformal transforma-
tions, the persistence of structure (inheritance through
conformal transformation-self-similarity), the generation
of new structure (through conformal expansion, in this
35 We could define g− ≡ ∂2t f − ∂2r f ≡  f = σ−σ+ referring
to Sec. (2.1), where however we considered a set of func-
tions associated to the graph, modified for the inhomogene-
ity terms (Γ, dy) and decoupling also the embedding and em-
bedded graphs. (Colors symmetries, and particularly color
reversibility considered in the metric definition for zero level
graph, do not appear to be a symmetry for higher order events).
In this example we introduced a function f (t, r), where r colors
space index, t a ber index, according to the convention used
in Sec. (2), we can write ∂t f = ±∂r f , quantities σ∓ ≡ ∂t f ∓ ∂r f
refers to the first level graph σ(·, ·), in general a no-zero quan-
tity, (∂t, ∂r associated to evolution-shift.) sign ± refers to color
symmetries.
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sense primordial idea of space-time generation). There is
DnS 0 ⊂ Dn−1S0 at any scale (n) discussed in Sec. (1.1.1)
where we also discussed the (chain-structure) irreversibil-
ity regulated by L. These properties are represented in
the matrix in Eq. (11) and Figs (3).
The monochromatic loop of order two is totally re-
versible in the context of the persistence of states in the
ordered chain. Graph structure is regulated by entropy
in Eq. (2), energy and inertia as [1]), the larger m, the
larger the inhomogeneity colors-(constrained by existence
of Csup) the greater the inertia and the graph characteristic
irreversibility. The decomposition constituents si j graph
of G(i j), depend on the graph state and mostly on the
probability distribution coming as a ”color-attractor” in
the union-graph realization. In the graphs union concept,
metric transformations read in the particle/graph equiva-
lence reveals useful to discern, as (equivalently relativistic
longitudinal and transverse) Doppler effect, the change
in frequency (and wavelength) of the associate logic sig-
nal 36 Considering Eq. (1) an object S is decomposed in
the evolved copies of S , the copies are not connected ex-
cept in the sense of persistence (in the sense we can define
S 2 = DS 1 ∈ S 1) and immersion, in the analogy there-
fore the motion of the observer corresponds to a change
of structure of the body, seen as conformal transforma-
tion through the equivalent graph Doppler effect (relevant
also for the higher order symmetries is that acceleration
ordinary in the resting system is an invariant even in this
model).
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